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ABSTRACT 


A multiphase power system network can he subdivided into 
two classes, one consisting of those elements which possess only 
rotational symmetries and another of elements which possess both 
rotational as well as reflection symmetries. The rotational 
symmetries of an n-phase network consisting of n-fold proper 
rotations together constitute the cyclic group 0^, The balanced 
n-phase stationary networks possess reflection symmetries in 
addition to rotational ones. These symmetries constitute a group 
C^^ consisting of n-fold rotations and n-fold reflections about 
its axes of symmetries. The group theoretic techniques of dealing 
with these symmetries have already been used to develop general 
transformation matrices for 3, 4 and 6-phase systems. This 
thesis is concerned with developing transformation matrices with 
complex elements, similar to symmetrical component transformation 
and with real elements, similar to Clarke’s component transforma- 
tion, for S and 12-phase system for the purpose of simplifying the 
analysis of B and 12-phase power system net^vorks. In addition, 
expressions for sequence impedances and complex power for both 
9-phase and 12-phase system, which are useful for the purpose 
of planning studies and fault analysis are also presented. 



CHAPTER 1 


IHTRODUCTIOH 


Multiphase power systems are currently of major interest 
on account of the fact that while the demands for electrical 
energy are steadily on the increase, to find new corridors on 
land for power system expansion is getting more and more diffi- 
cult. It is essential, therefore, to try as far as possible, 
to meet the growing demands by appropriately augmenting the 
systems on the corridors already in existence. It is in this 
context multiphase systems have attracted recent attention [2,3]. 
To design adequate protection system for a power system we have 
to perform short circuit studies and for this we need to develop 
suitable methods and transformations for the analysis of such 
system. Suitable transformations for 4-phase and 6-phase system 
have been developed recently [1,4,5]. Other higher phase system 
which will be feasible in future are 8-phase and 12-phase-. Our 
concern here is to extend thp group theoretic techniques of 
analysis to 8-phase and 12-phase systems. Here we have developed 
the transformations for the purpose of steady state analysis of 
S-phase and 12-phase systems. However, following the same 
procedure transformations for transient analysis can be 
derived. 

The symmetries inherent in multiphase power system 


networks are: 
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(i) Rotational symmetries in space which correspond to physical 
rotations of networks, known as proper rotations. 

(ii) Rotational symmetries in space followed hy reflection about 
axis of symmetry, known as improper rotations. 

Most of the components of a power system network possess rotational 
symnetries. However, some of the components viz* transmission 
and distribution networks possess reflection symmetries in 
addition to rotationol ones. 

The significant feature of these symmetries is that they 
satisfy group axioms so that the n'^tworks are amenable to the 
group theoretic techniques. The main advantage of using group 
theoretic techniques is that by the application of these techni- 
ques system equations of a general power system network for the 
purpose of steady state and transient analysis can be put into 
a diagonal or at least block diagonal form so that original 
network can be replaced by a set of smaller disjoint neb/zorks 
whose analysis is straight forward [1,4,5]. How we give 

i 

chapterwise description of the thesis. 

In Ohapter 2, it has been demonstrated that two symmetries 
viz. rotational symmetry and rotational symmetry followed by 
reflection symmetry constitute groups and hence can be represented 
by permutation matrices. These permutation matrices also satisfy 
group axioms, 

Ohapter 3 deals with development of suitable transformations! 
for 8-phase power system network analysis using group theoretic 
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techniques. The symmetries of S-phase power system network with 
rotational elements constitute a cyclic group Og consisting of 
3-fold rotations. The transf orma tion matrix for such network is 
similar to symmetrical components. The symmetries of S-phase 
power system network with stationary elements constitute a group 
Consisting of 3-fold rotations and S-fold reflections about 
the axes of symmetries of the network. The transformation matrix 
in this case has real elements and is similar to dlarke’ s compo- 
nent transformation known for 3-phase system. Sequence impedances 
and expression for complex power are also given; 

Ohapter 4 deals with development of suitable transforma- 
tions for 12-phase power system network analysis applying group 
theoretic techniques. In this chapter, we have presented the 
two transformation matrices, one with complex basis and other 
with real basis and expressions for complex power and sequence 
impedances for 12-phase power system. 



CHAPTER 2 


SYMMETRIES IR ICTLTIPHASE NETWORKS 

2.1 INTRODUOTIOH 

A power system network; used for generation, transmission 
and distribution of electric power is inherently symmetrical and 
balanced. These balanced multiphase power system networks can 
be categorised in to two classes, one which consists of only 
those elements which possess rotational symmetries and other 
which consist of elements possessing both rotational as well as 
reflection symmetries. The elements possessing only rotational 
symmetries are normally referred as rotational elements whereas 
the elements possessing both rotational as well as reflection 
symmetries, stationary elements. 

A network is said to be symmetric under a symmetry opera- 
tion if the system after such an operation is physically indistin 
guiahable. from the system before the symmetry operation. With 
every symmetry operation we can associate a symmetry property 
which can be attributed to the system which is symmetric under 
the symmetry operation in question. The two symmetries which are 
inherently present in the power system networks are reflection 
symmetry and rotational symmetry. 

The reflection symmetry, also referred to as bilateral 
symmetry is attributed to the symmetry operation of reflection 
R about the symmetry axis ^ which is equivalent to rotation 
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through 180° in space about the axis of symmetry of the system. 
It is obvious that the symmetry operation of refleotion if 
applied twice, brings back: the system to the original. This 
implies that the symmetry operation R is its own inverse. If 
E be the identity symmetry operation then inverse symmetry 
operation R of symmetry operation of reflection R is same 
as R, i.e, R.R = E and R = R”"* . 


The rotational symmetry is attributed to the systems 
which are symmetric under the symmetry operation of rotation 0 
about the axis of rotation passing through centroid 0 and per- 
pendicular to the plane of the system, The admissible rotation 
operations will be all those rotations which bring the system 
into coincidence with the original ^stem. Eor example, for a 
n-phase power system possessing rotational symmetry, rotations 

O »rr 

through — degrees (form = 1,2,...,n) are the only admissible 
rotations. Such rotations are referred to as proper rotation. 


The general symbol for a proper axis of rotation is 0^ where 

the subscript n denotes the order of the axis. By order is 

2ji 

meant the largest value of n such that rotation throu^ ~ gives 

2 % 

an equivalent configuration. A rotation by — degrees about 
proper axis is also represented by the symbol 0^, Rotation 

2 TC 

by — degrees carried out m times successively is represented 


0^. It is obvious that rotation is rotation 
n n 


by the symbol 
2n 

by n -^ = 2 ti degrees and hence equal to zero rotation or 
identity operation E, i.e. 0^ = E. It can be further verified 


that 0; 


n = ''n = “n "'ll " "'ll 


eto. 
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Therefore, it can he observed that a proper axis of 
order n generates n symmetry operations viz. 0^, G^, ..,,0^(=E), 

2.2 MU1TIPHA.se POWER SYSTEM NETWORKS WITH ROTATIONAL SYMMETRY 

a) S~Phase Symmetric Element: 

let us consider a S-phase symmetric (i.e. balanced) power 
system subnetwork between buses p and q as shown in Figure 2.1. 
The steady state network equation in the impedance form of this 
subnetwork will be, 

-abcdefgh r _ ,abcdefgh yabcdefgh _ ^abcdefgh 
E_ - L Z\ ipq - q 


i . e. 


^abcdefgh sabcdefgh 
P "a 


- rz -j abcdefgh rabcdefgh 


-abcedf gh 
= O' 

pq 


( 2 . 1 ) 


where is the column vector of voltage drops across the 

8-phase element p-q, ^abcdefgh colu®m 

y Si. 

vectors of bus voltages for the buses p and q respectively and 
^ ^ impedance matrix of a 8-phase element p-.q. 
The equation (2.1) can be expressed as 
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For rotating elements, the symmetries are such that the circular.ly 
permuting the port voltages will cause similar permutation of the 
port currents. These symmetries may equivalently he represented 
hy the physical rotation of the network element as shown diagram- 
met. ' in Figure 2,2 in which vertices ABCFEFGH represent the 

eight phases. The element shown in this figure is regular octagon 
with 0 as centroid. The axis of rotation " 6” passes through 0 
and is perpendicular to the plane of the paper. Considering all 
possible rotations of octagon about axis 6. ¥e ©an see only 
eight rotations out of all possible rotations through different 
angles (less than or equal to 560°) send the edges and vertiees 
of octagon into coincidence. Therefore, the admissible rotations 
are rotations through 45°, 90°, 135°, 130°, 225°, 270°, 315° and 
360° (= 0) about axis 6 passing through centroid 0 and perpendi- 
cular to the plane of the paper. 

The rotation through 360° which sends the vertices back 
to their original position is also referred as zero rotation. 

The permutation table for the zero rotation is given below: 


Rotation through 360° 



A 

B 

0 

I) F 

F 

G 

H 

1 

A 

B 

G 

3 E 

F 

G 

H 


The first clockwise rotation through 45° about axis f sends the 
vertex A to H, B to A, 0 to 3, D to C, E to 3, F to E, G to F 
and H to G. This rotation through 45° can be represented by 
following permutation table: 
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Rotation through 45° ■ 



A 

B 

0 D 

E 

P 

G 

H 


iH 

A 

B 0 

D 

E 

P 

G 


Similarly, other rotations oan he represented hy the permutation 
tables given below: 

Rotation through 90° 


ABGRERGH 

GHABCBEE 


Rotation through 135° 





A 

B 

0 

D 

E 

P 

G 

H 




P 

G 

H 

A 

B 

0 

B 

E 

Ro tat ion 

throu^ 

1S0° 












A 

B 

C 

D 

E 

p 

n 

a* 

H 




E 

P 

G 

H 

A 

B 

0 

D 

Rota tion 

through 

225° 












I A 

I 

B 


D 

E 

P 

G 

H 





E 

P 

G 

H 

A 

B 

0 

Rotation 

through 

270° 












A 

B 


I) 

E 

P 

G 

H 





D 

E 

P 

G 

H 

A 

B 

Rotation 

through 

315° 












A 

B 

0 

D 

E 

P 

G 

H 




B 

0 

D 

E 

P 

G 

H 

A 


and 
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If we use the general symbol for proper axis of rotation and 
rotations, then is the proper axis of rotation and symmetry 
operations- Og, Og, 0^, 0^, o|, Og, 0^ and Gg ( = E) represent 
the rotations through 45°, 90°, 135°, 130°, 225°, 270°, 315° and 
360° respectively. 


¥e know that the product of two rotations is same as 


application of the two rotations successively. It can be seen 

that application of symmetry operation G^ (rotation through 45°) 

2 

twice is same as Gg (rotation through 90°), i.e. 




The multiplication of all these symmetry operation can be 
compactly expressed in the form of a group multiplication table, 
known as Cayley table as shown in Table 1 . In this table the 
entry (a,--:) in the ith row and jth column is the product of a. .a.. 

X J X J 


Table 1 
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looking at table 1, it is easily verified that symmetry operations 

*^8^ ^8' '^8’ *^8^ ^8 '^S group axioms 

(Appendix 1) and commutative law. The element E serves as an 

_1 

identity element and is the generator element. Hence, we 

12 7 

conclude that the symmetry operations E, Og, Og, ... and Cg cons- 
titute a cyclic group Og of order 8. As all the symmetry opera- 
tions belong to a separate class, the number of classes in the 
group is also 8. 

How we know that finite groups can be represented by set 
of matrices D(R) (Appendix 1) such that for every member R of G 
there is a matrix E(b.) in it and there exists a correspondence 
between the matrices and the group elements such that for any 
R-j and R 2 in G, 

D(R^.R2) = I)(R^).D(R2). 

1 2345 

The representation matrices D(R) for R = E, Gg, Gg, Og, Og, Og, 

6 T 

Og and Og are as shown below: 


"1 

0 

0 

0 

0 

0 

0 

0 ” 


0 

0 

0 

0 

0 

0 

0 


0 

1 

0 

0 

0 

0 

0 

0 


1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 


0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

i 

0 

0 

1 

0 

0 

0 

0 

0 









; D(a;) = 









0 

0 

0 

0 

1 

0 

0 

0 


0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 


0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 


0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 


0 

0 

0 

0 

0 

0 

1 

0^ 
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D{o2) = 


DCGg) = 


KGg) 


0 

0 

0 

0 

0 

0 

1 

0 


0 0 

0 

0 

0 

1 

0 

0 


0 

0 

0 

0 

0 

0 

0 

1 


0 0 

0 

0 

0 

0 

1 

0 


1 

0 

0 

0 

0 

0 

0 

0 


o 

o 

0 

0 

0 

0 

0 

1 


0 

1 

0 

0 

0 

0 

0 

0 

% 

1 0 

0 

0 

0 

0 

0 

0 










; D(O^) = 










0 

0 

1 

0 

0 

0 

0 

0 


0 


0 

0 

0 

0 

0 

0 


0 

0 

0 

1 

0 

0 

0 

0 


0 0 

1 

0 

0 

0 

0 

0 


0 

0 

0 

0 

1 

0 

0 

0 


0 

0 

0 

1 

0 

0 

0 

0 


0 

0 

0 

0 

0 

1 

0 

0_ 


_0 

0 

0 

0 

1 

0 

0 

0 


”o 

0 

0 

0 

1 

0 

0 

0 


“o 

0 

0 

1 

0 

0 

0 

-1 

0 


0 

0 

0 

0 

0 

1 

0 

0 


0 

0 

0 

0 

1 

0 

0 

0 


0 

0 

0 

0 

0 

0 

1 

0 


0 

0 

0 

0 

0 

1 

0 

0 


0 

0 

0 

0 

0 

0 

0 

1 


0 

0 

0 

0 

0 

0 

1 

0 










; D(o|) = 










1 

0 

0 

0 

0 

0 

0 

0 


0 

0 

0 

0 

0 

0 

0 

1 


0 

1 

0 

0 

0 

0 

0 

0 


1 

0 

0 

0 

0 

0 

0 

0 


0 

0 

1 

0 

0 

0 

0 

0 


0 

1 

0 

0 

0 

0 

0 

0 


0 

0 

0 
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_0 
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0 
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o' 
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1 

0 

0 

0 
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0 
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1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 
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;0 

t 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

n 


0 

0 

0 

0 

1 

0 

0 

0 









and D(Gq) = 










0 

0 

0 

0 

0 

0 

1 

0 

o 

i 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 


i 

0 

0 

0 

0 

0 

0 

1 

0 

1 

0 

0 

0 

0 

0 

0 

0 



0 

0 

0 

0 

0 

0 

c 

I 1 

0 

1 

0 

0 

0 

0 

0 

0 



1 

0 

0 

0 

0 

0 

0 0 


(2.3) 


These representation matrices are called permutation matrices. 
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The pernrutation matrix A has the following properties: 

T -1 

1 . = A ' 

2. det A = 1 

In other words, a permutation matrix is orthogonal. 'N’ow, 



0 0 0 0 0 0 1 0 

0 0 0 0 0 0 0 1 

1 0 0 0 0 0 0 0 

01000000 o 

= D(c^) 

00100000 ^ 

0 0 0 1 0 0 0 0 

0 0 0 0 1 0 0 0 

■ 0 0 0 0 0 1 0 0 ,: 

Similarly 5 we can show that 

])(0^):D(a2) = D(0^)D(0^)I)(G^) = D(O^) 

D(0^)D(0^) = D(a^)3D(0^)D(G^)D(0^) = DCO^) 

D(0^)D(o4) ^ 
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D(0^)D(o 5) = D(o|) 

I)(0^)D(a^) = D(C^) 

l(Gg)D(G^) = D(0® = E) 

It can be verified that 

I)(0^)D(0^) = D(G^)D(C!2) = D(g5) 

Similarly finding other multiplications of permutation matrices, 
•we can see that the permutation matrices D(R) themselves consti- 
tute a cyclic group under multiplication having same multiplica- 

-j 

tion table as for group elements of Gg, The element 33(Og) is 
the generator element. 

b) 12-Phase Symmetpy Element: 

Fow let us consider a 12-phase symmetric power system sub- 
network between buses p and q as shown in Eigare 2.3. The steady 
state network equation in the impedance form of this subnetwork 
is, 

^abcdef ghijkl gabcdef ghigkl _ labcdef ghijkl rabcedfghijkl 

P ~ 1 ^ PI-' pq. 

-abcdefghiDkl . (9 a ) 

pq 

Por rotating elements, the symmetries of this network 
may equivalently be represented by the physical rotation of 
the regular 1 2-gon as shown in Figure 2.4. The vertices 
A3GDEFGHIJKL signify the 12 phases of the network. The axis 
of rotation 6 passes through the centroid 0 and is perpendicular 



lUJ 
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to the plane of the paper. After considering all possible 
roto.tions through different angles we find that the admissihle 
rotations about axis S are rotations through 30°, 60°, 90°, 120°, 
150°, 180°, 210°, 240°, 270°, 300°, 330° and 360°. The permuta- 
tion table for these admissible (clockwise rotations) are given 
below . 

Rotation through 360° 
or zero rotation 

Rotation through 30° 

ABODERGHIJKI 
LABGDERGHIJK 

Rotation through 60° 

ABOBERGHI JEl 
KEABCBEEGHIJ 

Rotation through 90° | 

ABCDEEG.HIJKL 
JKIABODEPGHI 

Rotation through 120° 

ABODEFGHIJKL 
I JKIABGDEEGH 

Rotation through 150° 

HIJKLABGDEEG 


ABGDEEGHIJKL 

ABGBEEGHIJKL 
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Rotation through 180 


ABCDERGHIJKL 

GHIJKIiABCDEP 


Rottion through 210 


ABGDEE&HIJKL 

EGHIJKLABODE 


Rotation through 240 


O 


A B 


OBEEGHIJKL 


EEGHIJKIABOD 


Rotation through 270° 


ABODEEGHIJKL 

DEEGHIJKLABO 


Rotation through 300° 


A 


O 


3GDEEGHIJKL 
BEEGHI JKIAB 


Rotation through 330 


AB OBEEGHIJKL 
BOBEEGHIJKLA 


¥e can see that the axis of rotation is 12-fold axis and 
is designated hy 0^2* rotations through 30°, 60°, 90°, 120°, 

150°j 180°, 210°, 240°, 270°, 300°, 330° and 360° are represented 

, . 4 . • „ ^l p(3 -i4 n5 p 6 n1 ^8 

hy symraetry operations ^-j2> ^-12’ ^^ 2 * 12’ ^12’ 12’ ^12’ ^12’ 

0 ^ 2 ’ ^^2’ “^12 ^12 ^ respectively. Ih e multiplications of 

all these symmetry operations (rotations) can he expressed hy 

Gay ley table given in lahle 2. 
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"12 

n 6 n 7 
^12 ^2 

0^2 

G ^ 

^1 2 

.10 

12 

p11 

h2 

E 

^12 

2 

12 

"^12 

.4 

^12 

g 5 
^1 2 

q6 

^12 

.7 .3 

" l2 " l2 

^12 

.10 

^12 

g ''^ 

^12 

E 

G ^ 

S2 

g 2 

^12 

g 5 

"'12 

g 5 
'"1 2 

p5 

! ^12 

1 

q6 

^12 

p7 

^12 

p8 .9 

^12 "12 

.10 
"l 2 

^12 

E 

P^ 

" l2 

g2 

"'12 

g 5 

^12 

p4 

"^12 

0l2 

.6 

^12 

^1 2 

.3 
^1 2 

.9 .10 

0l2 ^^2 

"12 

E 

0^2 

.2 
"1 2 

G ^ 
"'1 2 

O12 

c5 

"^12 

^ 1 Z i 

p7 

^12 

pS 

Oi 2 

p9 

Oi2 

.10 .11 
^12 "12 

E 

o'* 

h2 

g2 

0i2 

G ^ 

^12 

.4 

"12 

g 5 

"'I 2 

G ^ 

°12 

pS 

Oi2 

pS 

. h2 

o9 

^12 

.10 
^1 2 

.11 -n 

0^2 E 

p "* 

^12 

g 2 
"l 2 

Ol2 

o4 

0l2 

p5 

"12 

G ^ 

"12 

p7 

O12 

P‘3 
^1 2 

p9 

^12 

plO 
^1 2 

P ''^ 
^1 2 

E 0,7 

g2' 

^12 

G ^ 
"l 2 

.4 
^1 2 

g5 

0^2 

.6 

^12 

G ^ 

O12 

p8 

O12 

^10 

^12 

^10 
: ""12 

^12 

E 

1 2 
0^2 0^2 

G ^ 

^12 

p4 

"12 

Ol 2 

0^ 

"12 

0 ^ 

0^2 

g"^ 

"12 

G^ 

O12 

^12 

^1 2 

E 

.1 

^12 

2 3 

"12 "12 

.4 

"12 

G ^ 

^12 

G ^ 

1 2 

.7 

"12 

0 ® 

^12 

G ^ 

"12 

10 
Ol 2 





Tabl e 2 








Looking 

at 

table 2 , 

it 

can 

be verified 

that 

the : 


symmetry operations commute and satisfy the group axioms. The 

"1 

element E is identity element and element 0 ^^ is the generator 

12 11 

element. Hence, the symmetiy operations ^-|2» 

constitute a cyclic group 0^2 of order 12. The number of 
classes is 12 as all the group elements in the cyclic group 
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Ihe representation matrices D(R) representing group 


12 11 

elements of group ^^2 ^ 0 ^ R = E, Q-| 2 » **•’ '^12 given 

below: 


D.( 


,12 

'12 


s 

I j ; s 


I)(o!j2) = 


1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 ■ 

; 0 

1 

0 

Q 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 : 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

b 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

i 0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1_^ 

*' 0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 , 

0 

1 

0 

0 

0 

0 

,0 

.0 

0 

0 

0 

0 

0 

6 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 


0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 , 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

o_ 
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D( 



0 0 0 0 0 .0 

0 0 0 0 0 0 
1 0 0 0 0 0 

0 1 0 0 0 0 
0 0 1 0 0 0 

0 0 0 1 0 0 

0 0 0 0 1 0 
0 0 0 0 0 1 
0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 


0 0 0 0 1 0 
0 0 0 0 0 1 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
1 0 0 0 0 0 
0 1 0 0 0 0 
0 0 1 0 0 0 
0 0 0 1 0 0 


^1 2) = 


0 0 0 
0 0 0 
0 0 0 
1 0 0 
0 1 0 
0 0 1 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 


0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
1 0 0 
0 1 0 
0 0 1 
0 0 0 
0 0 0 
0 0 0 


0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
1 0 0 
0^0 
0 0 1 


1 0 0 
0 1 0 
0 0 1 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
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1 ( 0 ^ 2 ^, = 


0 00000001 000 
0000000 001 00 
00000000001 0 
00000000000 1 
10 0000000000 ■ 
010000000000 
001 000000000 
000100000000 
000010000000 
000001 0 0. 0 000 
000000100000 
00000001 0000 


”00000001 0000 
000000001 000 
0000000001 00 
00000000001 0 
000000000001 
100000000000 
0 1 0000000000 
001 000000000 
0001 00000000 
00001 0 0 00000 
000001 000000 
000000100 OOOj 


I.(c52) 
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0, 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

o” 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 ■ 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0- 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

o" 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0_ 
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B(o82) = 


0 0 0 0 1 0 
0 0 0 0 0 1 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
1 0 0 0 0 0 
0 1 0 0 0 0 
0 0 1 0 0 0 
0 0 0 1 0 0 


0 0 0 0 0 o^ 
0 0 0 0 0 0 

1 0 0 0 0 0 
0 1 0 0 0 0 
0 0 1 0 0 0 
0 0 0 1 0 0 
0 0 0 0 1 0 
0 0 0 0 0 1 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
000000 . 


000 ^ 0 0000000 
00001 0000000 
000001 000000 
000000100000 
00000001 0000 
000 0 00001 000 
0000000001 00 
00000000001 0 
000000000001 
1 00000000000 
0 1 0000 000000 
001 000000000 
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D(0 


10 
1 2 


) = 


D(o]^2) = 


-rf 


0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 •: 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

. 0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 ,^ 


1 











0 

0 

0 

0 

0 

0 

0 

0 

0 

0 


^ 0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

: 0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 


These representation matrices D(R) themselves constitute 

"I 

a cyclic group of order 12 and hate 1(0^2) generator element 


of the group 
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2.3 MIJLTIPHA.se POWER SYSTM HETWORKS WITH ROTATIOWAI AWE 
REELEOTIOW SYIMETRY 

a) 8-Phase network: 

We now consider 8-phase symmetric power system networks 

which possesses in addition to rotational, reflection symmetries 

also. Symmetries of such network which are normally refereed 

to as stationary element, can he equivalently represented 

hy physical rotation of the network shown in Figure 2.5, about 

the axis passing through the centroid and perpendicular to the 

plane of the paper and also reflections of the network about 

the axes of symmetries. The network configuration remains 

invariant under rotations by 45°, 90°, 135°, 180°, 225°, 270°, . 

315° and 360° and also under reflection about axes of symmetry. 

The axes of symmetries in this case of the network in Figure 2.5, 

which is a regular octagon are lines joining opposite vertices 

andlines joining mid-points of opposite edges. These axes of 

symmetries are denoted by <5^, b^, 6^, and b^ 

in the figure. Fornetviorks with stationary elements, in all 

1 2 3 4 5 

we have sixteen symmetry operatio’^s viz. Og, Gg, Og, Og, Gg, 

Og, Og, and E representing rotations through 45°, 90°, 135°, 

180°, 225°, 270 °, 315° and 360° respectively and 6^,6.^, b^, 

6 6 5 '^, bg and 5^ representing reflections about axes of 

symmetries 6 ^, b^, b^^, bg, b^, bg, and b^ respectively. 

The Cayley’s multiplication table for these sixteen symmetry 
operations is given in Table 3. 



4 ‘r; 



L v Gyo^i=- 

i ■y ITA ^ 


2-S 


Fl&URt 



TABljii 3 
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jj 

ol 

c? 

c5 

gJ 

g| 

cS 

cl 

6' 

6-tI 

5 * 

6i 

6' 

64 

6’ 

64 



8 

8 

8 

8 


8 

8 

- a 

b 

c 

d 

e 

f 

g 

h 

jji 

ji 

'"8 

^8 

^8 

^8 

c5 

^8 

G^ 

^8 

^8 



^c 

"a 

6' 

e 

^f 

64 

g 

64 

h 

^8 

^8 

c2 

^8 

^8 

^8 

n; 

% 

G^ 

^8 

^8 

Jii 

"A 


6' 

g 


64 

b 

3' 

c 

^d 

6» 

a 

^8 

q2 

^8 

^8 

^8 

^8 

^8 

q7 

i:ii 

G^ 

^8 


6' 

• c 

U 

a 

6i 

I 

64 

g 


6* 

e 

c ^ 

^8 

oi 

rt4 

^8 


qS 

^8 

jjj 

^8 

q2 

^8 


5' 

g 

64 

b 

6' 

e 

6' 

c 



^b 

CO 

o 

Os 


qS 

^8 

c'7 

^8 

il 

G^ 

^8 

r\ 

^8 

^8 

6' 

0 

d 

6' 

a 


6' 

g 

«h 

^e 

^f 

c5 

^8 

o5 

^8 

4 

^8 

B 

G^ 

^8 

^8 

^8 

G^ 

^8 

6’ 

b 

6' 

e 


^d 

S’ 

a 

^b 

6» 

c 

^8 

^8 

^8 

ii 

^8 

g2 

^8 

^8 

^8 

g5 

^8 

^d 

6' 

a 

^b 

s; 

^b 

6’ 

e 


6' 

g 

^8 

1 o'^ 
^8 

JjJ 

G^ 

^8 

^8 

G^ 

^8 

G^ 

^8 

^8 

^8 

"h 

6; 



64 

a 

64 

b 


"A 

3- 

^a 


^b 


6’ 

c 

6' 

g 

6; 

d 

h 

oii 

q2 

^8 

'"8 

^8 

^8 

G^ 

^8 

g5 

^8 

^8 

^'h 

H 


6' 

c 

6' 

g 

<5i 

d 

h 

6* 

a 


^8 


^8 

G^ 

^8 

^8 

nl 

^8 

^8 

(p 

^8 

6' 

c 

5 ' 

c 

6' 

g 

d 

h 

5' 

Si 

6’ 

e 

b 


^8 

^8 

iD 

G^ 

^8 

^8 

c'7 

^8 

G^ 

^8 

G^ 

^8 

d 

^d 


6' 

cd- 

a» 

e 

b 


6' 

c 

6 ' 

g 

c2 

^8 

q4 

^8 

^8 

E 

^8 

g5 

^8 

^8 

G^ 

^8 


<^6 

"b 

^f 

6* 

c 


^a 


6' 

a 

^3 

^8 

q5 

^8 

G^ 

^8 

E 

G^ 

^8 

G^ 

^8 

^8 



6' 

c 


d 


6 ' 

3 

6' 

e 

d 

^8 

^8 

^8 

G^ 

^8 

nS 

^8 

E 

q2 

q4 

^8 

*4 

6' 

g 


«h 

6' 

a 

o' 

e 

6 ' 
‘^b 


6* 

c 

^8 

^8 

c'^ 

^8 

G^ 

^8 

^8 

^8 

jLi 

G^ 

^8 



Cs oi 4 4 4 4 Os ^ 
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looking at Table 3, -we verify that these symmetry operations 
constitute a symmetry group ihe group elements are eig^ht 

rotation operations and eight reflection operations about 
symmetry axes. The identity element of the group is E. 

These symmetry operations -which consti-tute the group Og^, 
can be represented by permutation matrices. The permutation 
matrices representing symmetry operation of rotations are same 
as given in Eq[n.(2,5). The permutation matrices representing 
reflections about axes of symmetries viz. 
s' 3-nd <51 are given belo-w. . 

I g U 
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D (S ’ ) 
e 


“o 

1 

0 

0 

0 

0 

0 

o' 


Id 

0 

0 

1 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 


0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 


0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 


1 

0 

0 

0 

0 

0 

0 

0 


















0 

0 

0 

0 

0 

1 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

1 

0 

0 

0 


0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

1 

0 

0 

0 

0 


0 

0 

0 

0 

0 

1 

0 

0 

_0 

0 

1 

0 

0 

0 

0 

0^ 


0 

0 

0 

0 

1 

0 

0 

q_ 


D(6p 



0 

0 

0 

0 

1 

0 

o" 


'o 

0 

0 

0 

0 

0 

0 

f 

0 

0 

0 

0 

1 

0 

0 

0 


0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

1 

0 

0 

0 

0 


0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

Il(6i) = 

0 

0 

0 

0 

1 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

n 

0 

0 

0 

1 

0 

0 

0 

0. 

1 

0 

0 

0 

0 

0 

0 

0 


0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 


0 

1 

0 

0 

0 

0 

0 

0 

__0 

0 

0 

0 

0 

0 

1 

0 


1 

i.— 

0 

0 

0 

0 

0 

0 

Q.. 


( 2 . 6 ) 


It can be easily verified that these permutation matrices also 
constitute a gro'ip under mul tiplicationhaving same multiplication 
table as that for corresponding elements of group 


b) 12-Phase network: 

The symmetries of 12-phase power system network with 
stationary elements can be represented by physical 
rotation of the network shown in Pigure 2.6 about the axis 
passing through centroid and perpendicular to the plane of the 
paper and reflections of the network about the axes of symmetries. 
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The axis of rotation is 12-fold axis in this case and the 
rotations are through 30°, 60°, 90°, 120°, 150°, 180°, 210°, 240°, 
270°, 300°, 330° and 360° represented hy symmetry group elements 


rx1 


.2 


^ 12 ’ " 12 > 


C 


11 

1 


,12 


2 and 0^2 = ® respectively. The axes of 


reflection are lines joining opposite vertices viz. 6 , 6, , 6 , 

3. Q O 

A ^ c 

d’ ^e’ cind and lines joining mid points of the opposite 

edges viz. 6^, 6^, 6^, 6^, 5^, and 6^. The symmetry operations 

representing reflections about 6 , 6, , 6 , 6 , d , 5 , <5,6, 

a’ b’ c’ d’ e’ f’ g’ h’ 

6,6,6 an d. 6 are 6 ’ , 6 ’ , 6 ’ , 6 ' 6 ' , 6 ' , 6 ' , 6 ' 6 ! , 6 , 

ijai 1 aDCaeignij 

6^ and 6 ^ respectively. The Oayley’s multiplication table for 
these symmetry operations is given in Table 4. looking at the 
Table 4 we can verify that these twenty four symmetry operations 
constitute a symmetry group 1^® group elements are twelve 

symmetry operations of relation and twelve symmetry operations 
of reflection. 


Just like S-phase symmetric systems, these symmetry 
operations can be represented by permutation matrices. The 
permutation matrices representing rotation operations are same as 
given in Eqn.(2.5). The permutation matrices representing 
reflection operations are given in Eqn.(2.7). 


It can be verified that these permutation matrices also 
constitute a group under multiplication having the same multi- 
plication tabl e as that for corresponding elements of group 2!^2v* 
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EIGHT PHASE SYSTEM NETWORKS 


In the previous chapter we have seen that symmetries 
of multiphase systems can he represented hy permutation matrices 
P(R). In this chapter, we extend the group theoretic techniques 
to develop suitable transformations for the purposes of steady 
state as well as transient analysis of 3-phase power systems. 

3.1 S-PHASE ROTATING ELEMENTS 

Eor rotating elements, the symmetries are such that 

circulajrly permuting port voltages will cause similar permutat- 

■“SlId cd. 

ions of the port currents, i.e. if the voltage vector v^^ ' ^ 

is changed to then correspondingly the current 

vector lahcdefgh replaced hy . Hence, from 

IPQ. 

equation (2.1), we get 


D(R) v^^^'^sfgh ^ j -2 jahcdefgh ^ahcdef gh 

or ^atodefgh ^ ^abodef gh jabodefgh 

(3.1) 

Comparing equation (2.2) and . (3.1), we get 

Taking R = Og, D (R) = P ~ ^^^3^ 
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(3.2) 
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Performing the matrix multiplications in P:qn.(3.2) on expanded 
form of [^pq]> 
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Gomparing two matrices, we get 
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de 

pq 


= z 


.Cb 

'pq 


^t)a 

pq 


.m? 




Erom (3.3) we can see that, impedance matrix Z 
of the form: 


pq 


(3.3) 
is cyclic and 


s 

2 ^ 



m3 

z 

m4 

m5 

m6 

^m7 

PQ. 

pq 

pq 

pq 

pq 

pq 

pq 

pq 


z" 




^m4 

2^5 

m6 

pq 

pq 

pq 

pq 

pq 

pq 

pq 

pq 


,m7 

z® 



m3 

m4 

z“5 

pq 

pq 

pq 

pq 

pq 

pq 

pq 

pq 


^m5 


z^ 


z^2 

m3 

m4 

z 

pq 

pq 

pq 

pq 

pq 

pq 

pq 

pq 



m6 

m? 
z ' 

z® 


z“2 

m3 

z 

pq 

pq 

pq 

pq 

pq 

pq 

pq 

pq 


^m4 


^m6 


z® 

ml 

z“2 

pq 

pq 

pq 

pq 

pq 

pq 

pq 

pq 


m3 

2iu4 


m6 


z® 

zm1 

pq 

pq 

pq 

pq 

pq 

pq 

pq 

pq 

z^;! 

m2 

m3 

r.ni4 

z 

m5 

z 

iii6 

z 


z® 

pq 

pq 

pq 

pq 

pq. 

PQl 

pq 

pq 

Gtor s 

of ; 

permutation 

matrices 

(Eqn . 

2.3) 


(3.4) 


hy the following matrix A [11 ]: 
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1 

1 . 

1 

1 

1 

1 

1 

1 

1 

a 

2 

a 


a"^ 

a5 

a^ 

a'7 

1 

2 

a 

a^ 

a-* 

a5 


a^ 

a 

1 

a’ 

a-* 

a5 

a^ 


a 

2 

a 

1 


a5 

a« 

a^ 

a 

2 

a 

3 

a 

1 

a5 

a« 


a 

2 

a 

3 

a 

a"^ 

1 

6 

a 

a^ 

a 

2 

a 

3 

a 

a^ 

a5 

1 

a^ 

a 

2 

a 

3 

a 

a^ 

a5 

6 

a 


where a = 8/l' = = 1/45° = 

72 

= 0 , a^ = -~(-1+3) = -a*, a^ = - 1 , 

■ 72 

“(^+3) = -a, a^ = -j = -a^ 

72 

and a"^ = — ^( 1 -j) = a* 

~n 

Sq 



1 

1 

1 

1 

1 

1 

1 

1 


1 

a 

2 

a 

-a* 

-1 

-a 

2 

-a 

a* 


1 

2 

a 

-a* 

-1 

-a 

2 

-a 

a* 

a 

i_ 

1 

-a* 

-1 

-a 

2 

-a 

a* 

a 

2 

a 

73 

1 

-1 

-a 

2 

-a 

a* 

a 

2 

a 

-a* 


1 

-a 

2 

-a 

a* 

a 

2 

a 

-a* 



1 

^2 

—CL 

a* 

a 

2 

a 

-a* 

-1 

-a 


1 

a* 

a 

2 

a 

-a* 

-1 

-a 

2 

-a 
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The unitary matrix A , -whose columns are eigenvector 
of will diagonalize each of the permutation matrices 

D(R) for R = 4' 

*nn 

^ DiagD(R) 

The coefficient matrix ] commutes with the permutation 

matrices and therefore the same unitary matrix will also diagon- 
alize the coefficient matrix It is evident that the 

unitary matrix A is similar to the symmetrical component 
transformation matrix for a 3-phase system. 

ITow vie will rederive the transformation for the eight 
phase cyclic symmetries using representation theory approach 
[ 1 , 5 , 6 , 8 , 14 ]. 

Representation Theory Approach: 

A representation D(R) is said to he reducible if its 
matrices can he expressed as direct sums of matrices of smaller 
dimension obtained by a similarity transformation to each 
matrix of the group. Otherwise it is said to be irreducible. 

Let D(R) be a representation of a group S containing elements 
(R). Then, for a nonsingular matrix a , let B(R) be the 
similarity transformation of D(S) under a » 

D(R) = D(R)a 

Thus a reducible representation can be converted to 
block; diagonal form, called reduced out representation via a 
similarity transformation. It is generally understood that 
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-1 *T 

transformation matrix oC, is unitary, i.e. a = a ♦ The submatrix 
blocks on the diagonal of the reduced out representation are the 
irreducible representation of the group, i.e. 


_ 

D(R) = a D(R) a = 

! ® 

i ^ 

12 

where D (R) , D (R) ... etc. are irreducible representations of the 
group not necessarily distinct. Por any representation irreducible 
or not, an important set of invariants is that of its characters 
which are traces of the matrices of representations, i,e, charac- 
ters of equivalent representations are th e same. 

¥e now give some important rules about irreducible 
representations and their characters which are the con«equences 
of the orthogonality theorem (Appendix 2). 

1. The sum of squares of the dimensions of the irreducible 
representations is equal to the order of the group, i.e. number 
of distinct elements of the group i.e. 

= 1 ^ + I2 + •-• = h (3.7) 

where h is order of the group and Ij^ is dimension of ith 
irreducible representation. 


dHr) 


D^(R) 


0 


C5.S) 
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2. The sum of squares of characters in any irreducihle 
representations is equal ta the order of the group, i.e. 

X (X^(R))^ = h (3.8) 

R 

where X^(R) is the character of ith irreducible representation. 

3. The vectors whose components are the characters of two 
different irreducihle representations are orthogonal, i.e. 

Xx^(R)X^(R)* = 0 for i 3 (3.9) 

R 

4. In a given representation (reducible or irreducible) 
characters of all matrices belonging to the symmetry operation 
in the same class are identical, and 

5. The number of irreducible representations in a group 
is equal to the number of classes in the group. 

As already mentioned, any reducible matrix can be reduced 
to a similar matrix consisting of blocks on the diagonal via a 
similarity transformation cC . Since the character, i.e. trace of 
matrix is not changed by similarity transformation, we have 

X(R) = Sla. X^(R) 

where X(R) is character of ith reducible representation, 

X^ (R) is that of 3 th irreducible representation, aj is number 
of times the irreducible representation. I)^(R) appears in the 
block diagonal of reduced out representation B(R) of l'(R). 
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Prom above we get 

a. = i|:x(R) X^(R) (3.10) 

and D(R) will be of the form 
5(R) = I)(R) a 

(R) 

D^(R) 

♦ 

P^(R) 

f 

\ D^(R) 

. 1(3.11) 

P^(R) 

i 

! 

I- 

¥ow, we Consider block diagonal izati on of matrices which commute 
with D(R). The similarity transformation < which block diagonal- 
izes D(R) has a significant property [1'^,15,1] that it also 
diagonalizes matrices which Commute with D(R) . Let ©C be the 
transformation which reduces D(R) to the block diagonal form given 
by equation (3.11), in which jth irreducible, representation is 

of dimension 1^ and repeats a. times in the block diagonal. Let 
J J 

A be the matrix which commutes with D(R) , i.e. 

A D(R) = P(R) A 

Then, a also transforms A into a block diagonal form A. 
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where A. repeats 1. times on the diagonal of A, and is of 
J J 

dimension a. corresponding to the irreducible representation 
J 

d^(r). 


We have shown in Chapter 2 that permutation matrices 
(Eqn. 2.3) representing rotation 1 symmetries of a 8-phase power 
system neti/jork; form a cyclic group of order S and each element 
of group is in a separate class. Therefore, the number of classes 
in group Cg will be equal to S and the number of irreducible 
representations which are equal to the number of classes, will 
also be equal to 8. Let 1-| , I2J dimensions of 

these irreducible representations, then from Eqn. (3.7), we get, 

.A 2 2 2 2 

XI 17 - 17 + lo + .. . + 1 q = S 

i=1 11^ S 


i . e. 



Therefore, all the irreducible representations have the dimension 
equal to 1. likewise, from Eqn. (3.8), 
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= 8 

and hence the characters X^(R) are each of unity modulus. Using 
standard computational techniques based on the orthogonality 
theorem (Appendix 2), one then gets the character table shown 
b el ow : 



Evidently in this case, the character table itself gives the 
irreducible repr esentation of the group, 
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«8 

E 

a * 

"s 

'"S 

^8 

"'S 

^8 


p ( 

^8 

i>hR) 

1 

1 

1 

1 

1 

1 

1 

1 

D^R) 

1 

a 

2 

a 


a^ 

a5 

6 

a 


D^(R) 

1 

2 

a 


a"^ 

a5 

6 

a 

eJ 

a 

d'^(R) 

1 

3 

a 

a-* 

a5 

6 

a 

a^ 

a 

2 

a 

E^(R) 

1 

1 

4 

a 

a5 

a^ 


a 

2 

a 

a5 

] 

I)^(R) 

1 

a5 

a« 

a^ 

a 

2 

a 


a't 

3)^(R) 

1 

6 

a 

a^ 

a 

2 

a 


a'* 

a5 

I)^(R) 

1 


a 

2 

a 


s'* 

a5 

a« 


IRREDUOIBLE RSPHSSE^TaTION 


(3.14) 


The numher of times eaoh of these irreducible representations, 
D^(R) appear at the diagonal of the reduced out representation 
I)(R) is from Eqn.(3.l0), 


a, = 1 2rx^(R)X(R) 


h 


R 


a. 


= ^XX^(R)X(R) = A( 1(B) + 1 (0)-+1 (0) + 1 (0)+1 (0) + l(0)+1 (0) 


R 


+ 1(0) ) = 1 


a- 


X^(R)X(R) = i( 1 (8)+a(0)+a^(0)+a^(0)+a'^(0)+a^(0) 
^ R ^ . 7 


4 - a^(0)+a'^(0) ) = 1 


Similarly, we get 

= a^ = a^ = ag = a? = ag = 


1 
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Therefore, D(R) is of the form: 


D(R) 


d‘(r) 




0 


D^(R) 




I)^(R) 


0 


D^(R) 


d'^(r) 


I D®(R) 

(3.15) 

In order to determine the similarity transf ormati^ 'the 

following matrix based upon the orthogonality theorem is 
const,ructed [ 12,13, I4,l6]i.e. 


gJ =5:d^(r) 1(R) (3.16) 

where D^(R)^^ is the diagonal element of the irreduoi'ble repre- 
sentation D^(R) for ;i = 1,2,...,S counting i once for every 
appearance of reducible representation I>(R). Then, the basis 
vector where denotes the pth linear independent vector 

corresponding to mth irreducible representation appearing for 
nth time, is constructed by scanning matrices G? from left to 
right and pickling first the linearly independent columns of 
G^ , then of G^, G^ , g| , , G^ , G^j' and G^. Row from Eqn.(3.16) 

we have 


,1 


G1 =X (R) 
,R 


11 


D(R) = D(E)+I)''(R^)^^D(R^)+D^(R2)^^D(R2) 


(R,):,^E(R3)+e'^ (R.)..E(iJ)jD'’"(ti'5r|EtRp-) 

FonTTg. 


+e''cr^)^^d(r^)+d^(r^)^^ 
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where “ ^8^ ^2 


p 

3 f ,3 


^05 ^^4 ^ S ^ ^5 


f'i5 p _ *16 

S' ^6 " S’ 


.7 


and Rrj - ^g 


1 D(S) + 1 D(R^) + 1 D(R2) + 1 D(R^) + 1 I)(R^) + 1 I)(R^) 

+ 1 D(Rg) + 1 D(R^) 


11111111 

11111111 

11111111 

11111111 

11111111 


111111 


1 


11111111 

11111111 


^ D^(R)^^ D(R) 


R 


= 1 


D(E) + a E(R^ ) + a^D(R2) + a"E(R^) + a'^E(R^) + a^D(R^) 
+ a^D(Rg) + a^DCRr^) 


1 


6 

a 

a5 

a'* 


2 

a 

a 

a 

1 

a'^ 

6 

a 

a5 

a'* 

3 

a 

a' 

2 

a 

a 

1 


6 

a 

a’ 

a^ 

a' 

3 

a 

2 

a 

a 

1 


a® 

a5 

a‘ 

4 

a 

3 

a 

2 

a 

a 

1 

a'? 

a® 

I 

a' 

5 

a 

a^ 

3 

a 

2 

a 

a 

1 

a^ 

I 

a 

6 

a 

a5 

a"^ 

a^ 

2 

a 

a 

1 

a 


6 

a 

a^ 


3 

a 

2 

a 

a 

1 



^ M 
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‘ R 


G^ =2:d^(r) 

' R 


I}(R) = 1 I)(B)+a^D(R^ )+a%(R 2 )+a'^I>(R 3 )+a^^(R 4 ) 
+ I)(R^ ) +a'^D (Rg ) +a D(Ry) 


1 

a 

a'7 

a^ 

a^ 

a^ 

a5 

2 

a 

2 

a 

1 

a 

a'^ 

a^ 

a5 

a-^ 

a^ 


2 

a 

1 

a 


6 

a 

a5 

a'^ 

4 

a 


2 

a 

1 

a 

a'' 

6 

a 

a5 

a5 

4 

a 


2 

a 

1 

a 

a'? 


6 

a 

a5 

a'* 

a5 

2 

a 

1 

a 

a"? 


a® 

a5 

a'* 


2 

a 

1 

a 

a 

a’ 

a^ 

a5 

a'* 

a5 

2 

a 

1 


D(R) = 1 R(E)+a^D(R-, )+a'^2(R2)+a^D(R3)+a^R(R4) 

4-3. '^D(R^)+aD(Rg) +a^Ii(RY) 


1 

2 

a 

a 

a'? 

6 

a 

a5 

a-* 

a5 

a5 

1 

2 

a 

a 

a'7 

6 

a 

a5 

a'^ 

a-* 

3 

a 

1 

2 

a 

a 


a6 

a5 

a5 

A 
a ■ 

a^ 

1 

2 

a 

a 

a’^ 

aS 

6 

a 

a^. 


3 

a 

1 

2 

a 

a 

a^ 


a® 

a5 

a^ 

a’ 

1 

2 

a 

a 

a 

a'' 

a^ 

a5 

a+ 

a^ 

1 

2 

a 

: a2 

a 



a5 

a^ 

a3 

1 


_ 1 I)(E) +a^E(R-] )+a^D(R2)+a^D(R.j)+a'^D(R^) 

+ aD(Rg)+a D(Rg)+a ECR^) 
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Gr] = ■^]D^(R) 
^ R 


3 2 
3. 3, 3. 


7 6 ^5 4 

a a a a 


1 


3 2 
a a a 


1 S 5 

a a a 


5 4 ^ 

a a ^ 


3 2 7 6 

a a a a a 


a^ a^ a^ 1 


3 2 
a a a 


a 


7 


a'^ a® a"* 1 


3 2 

a a a 


a 


a5 1 


3 2 

a a 


2 7 6 5 4 . 

a a a ' a a^ a 1 


3 2 
a a a 


7 6 5 4 . 

a a a a 1 


TD(R) = 1 D(R)+a^D(R^ )+a^D(R2)+a^D(R3)+a DCR^) 


4-3 


^D(Rc;)+a^]D(R^)+a'^R(Ry) 


4 3 2 7 6 ^5 

a a a a a a a 


a5 1 


4 3 2 ^ o7’ 6 

a a a a a a 


a® a5 1 


4 3 2 7 

a a a a a 


e.'’ a® a5 1 


4 3 2 

a . a a a 


a 

a 

a 

a 


bJ a^ 1 a^ a^ 


^ a a^ a^ 1 


=5, 

a a 


5 a^ a a® a^ 1 


a 


4 3 2 7 6 5 . 

^ a"^ a a a a a 1 


11 


D(H) = 1 D(E)+a^D(R^ )+a^D(R 2 )+a D(R 3 )+a ^(R^) 


+a^D(R3)+a'^D(Rg)+a^D(R^) 
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1 

a5 


a’ 

2 

a 

a 

a^ 

6 

a 

6 

a 

1 

a5 

a”* 

3 

a 

2 

a 

a 

a'? 


6 

a 

1 

a5 

a^ 

3 

a 

2 

a 

a 

a 


6 

a 

1 

a5 

4 

a 

, 3 
a 

2 

a 

2 

a 

a 

a^ 

aS 

1 

a5 

4 

a 

a’ 

a’ 

2 

a 

a 

a^ 

6 

a 

1 

a5 


a'^ 

a^ 

2 

a 

a 

ah 

6 

a 

1 

a5 

a5 

s'* 

3 

a 

2 

a 

a 

a7 

6 

a 

1 




and G® = Z D®(R)^ ^D(Il) = 1 D(E)+a‘^D(R^ )+a D{?.^)+a^D{R^)+a.'^D(li^) 
R 

+a'^D(R^)+a^E(Rg)+a^D(R^) 


1 

6 

a 

a5 

a'* 

a^ 

a^ 

a 

a^ 


1 

a^ 

a5 

a"* 

a5 

a^ 

a 

a 

a^ 

1 

a« 

a5 

s'* 

a’ 

2 

a 

2 

a 

a 


1 

a® 

a5 

a^ 

a^ 

3 

a 

2 
a . 

a • 


1 

6 

a 

a5 

a'^ 


a? 

2 

a 

a 


1 

6 

a 

a5 

a^ 

a"* 

a5 

2 

a 

a 

a^ 

1 

a® 

6 

a 

a5 

a4 

a5 

2 

a 

a 

a^ 

1 


Now, the basis vector after normalization to unity will 

he as shown 


111 

1 

[ ^ 

1111111] 

“211 

1 

[1 

2 3 4 5 ^6 ^ 7 . 

aaaaaaaj 


T 
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°^311 


1 

2 

a 

a’ 

a'* 

a5 

6 

a 

a7 

a] 

T 

“411 

'I r 

* [ 

/8 

1 


a'*- 

a5 

a® 

a^ 

a 

2 

a 

T 

3 

*^511 

1_ 

' /s 

[ 1 


a5 

a6 


a 

2 

a 


T 

] 

611 

l_ 

ys 

[ 1 

a5 

a® 

s'? 

a 

2 

a 

3 

a 

a'^ 

T 

] 

71 1 

- _L 

73 

[ 1 

6 

a 


a 

2 

a 

a5 

a"^ 

a5 

T 

3 

and 











®81 1 

1 

“Ts 

[ 1 

a^ 

a 

2 

a 

a5 


a5 

6 

a 

T 

3 

Thus the matrix o^= k 

oornes 

out 

to 

he 



[ Ao] 

- [ a 

a 211 

a 

311 

®41 1 

a 

511 “611 “ 

711 ' 



(R) D^(R) 

D^(R) 

d'^(r) 

Jp{R) 


(R) ' 

R^(R) 




1 

1 

1 

1 

1 

1 

1 

'1 





1 

a 

2 

a 

5 

a 

a4 

a^ 

6 

a 






1 

2 

a 

a5 


a5 

6 

a 

a7 

a 



1 


1 

a^ 

a'i 


6 

a 

a"? 

a 

2 

a 



^/s 


1 

a-* 

a5 

6 

a 

a'' 

a 

2 

a 

a’ 

1 




I 

1 

a5 

aS 

a'? 

a 

2 

a 







■ 1 

6 

a 


a 

2 

a 

a5 

a" 

a5: 





1 


a 

2 

a 

3 

a 

a-* 

a5 

6 

a 



311 ^ 
D®(R) 


(3.16) 


¥e can Sf e that this 


matrix is same as the one given in Eqn.(3.5) 
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It can "be verified that = I hence A"^ = A*^ i.e;, 

O ^ CO 

is unitary .matrix, tIow, from lqn.(2.2) 

■ -phase ry -.phase :r phase 

pq L rinJ ^-nn 


L 


pq- 


Pq 


We know that 


= K 72”®- aad = A. I®®”® 


P<1 


G pq 


pq 


c pq 


So 


A jcomp 

c pq - L pqj c pq 

or = A*^ [Z A I°°“'P =[ Z 1 °°“P .-omp 

pq o L pqJ G pq L ^pqJ i^^ 

Hence. [Zpq^] ^ = a^ [ Z^^^ 


( 3 . 17 ) 


Substituting values of A ■*■ and A from eqn,(3,5) and!" Z 

GO *- 

from eqn.(3.4) in eqn.(3.17), we get 

rz 10,1,2,3,4,5,6,7 
'■ pf-'comp 

s ml m2 m3 m4 „m5 m6 m7 
pq^®pq’^^pq^ pq^^pq pq^ pq^'^pq 

s ml 2 m2 „ m3 m4 „ m5 2 m6 ^ m? 
^Pq^'^^pq^'^ ^pq'® ^pq ^pq pq ^pq ^pq 


(3 'S) 


Therefore , 

0 s ml. m2^ m3^^m4^„m5, m6 m7 

^pq " ^pq^^pq^ pq pq p^ p^i P'1 P'1 

1 s ml 2 m2 ^ m3 m4 m5 2 m6 ^*„m7 
"iq ' ^pq«"pq®^ "pq'® "pq-'pq-'^'pq'^ "pq"'" "pq 


and so on. 
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Here is the zero sequence impedance and , z^„ ... etc. 

P4. PQ. pq 

are the first, second.... sequence impedances respectively. 

Proposition ; The transformation matrix A which diagonalizes 
the Coefficient matrix of S-phase rotating elements is a linear 
power invariant transformation matrix with complex elements 
similar to the symmetrical components. 

3.2 S-PHASE STATIONARY ELMENTS 

In the previous chapter we have seen that S-phase network 

which possesses reflection symmetries in addition to rotation 

symmetries, commonly known as stationary elements (typical 

example is that of 8-phase transposed transmission line) are 

1 2 3 4 5 6 

symmetric under symmetry operations viz. Og, Gg, 0^, Og, Og, Og, 
0^, 3, 6^, 6^, 6^, 6^, Sf» 6g 6^- In the previous 

section we have seen that impedance matrix for a network 
possessing rotational symmetries is cyclic (Eqn.(3.4)). Por 
the network possessing “both rotational as well as reflection 
symmetries, applying Eqn.(3.1) for symmetry operation of 
reflection, we get for R = 

[ (6^) [z^^jahcdefgh 

We know that = D(6'). Now substituting the values of 

3 . cl 

11(6') from Eqn.(2.6) and[ Z ] from Eqn.(3.4) and then comparing 

3. Jr^ 

terms of matrices on the two sides, we get that [ is of the 


form; 
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[ Z 1 
L pqJ 


abcdef gh 


s 

Pt 

pq 

pq 

z“ 

pq 

z“ 

pq 

Z 

pq 

m 
z „ 

pq 

m 

z 

pq 

m 

PI 

z® 

pq 

z® 

pq 

pq 

z^ 

pq 

z^ 

pq 

m 

z 

pq 

m 

z 

pq 

m 


z® 

z’^ 

z“ 

pq 


z^ 

pq 

m 

z 

pq 

PI 

pq 

pq 

pq 

^pq 

m 

pq 

pq 

z“ 

pq 


„m 

pq 

z“ 

Pt 

z"' 

pq 

pq 

,m 

pq 


z“ 



m 

z” 

pq 

'PI 

pq 

pq 

pq 

pq 

Zj 

pq 

,m 

z“ 


pq 

pq 

r 

:z^ 

; pq 

z“ 


'Pl 

pq 

pq 

Zj 

pq 

pq 

.m 

'pq 

pq 

z"" 

pq- 

z“ 

pq 

z"' 

pq 

i Z 

• pq 

t 

s 

z 

pq 

z“ 

pq . 

m 

'pq 

z"' 

pq 

z“ 

pq 

pq 

m 

z 

pq 

f m 
"P 4 

m 

^pq 

z^ 

pq J 


( 3 . 


group Og^ -which are represented hy permutation matrices given in 

equation ( 2 . 3 j and equation (2.6). The order of the 
group is sixteen, hut there are only seven classes viz. 

P(E)] ,[I>(0^) , D(O^) ],[!)( o|), I)(a|)] ,[ I(o^), D(j|a , 

[ I)(a^)],[E{6;), Ii{6^), D(6J,), D(6p] and[ D( 4 ;), B(6p, I){a^), 

Therefore, the number of irreducilsle representations 

is also seven, let 1^, l2> I5 > Ig s^nd 1^ he the 

dimensions of these irreducible representations. Then from 

lqii.( 3 . 7 ), we have 


7 


i=1 


2 2 2 

If = ll - I2 - 


+ 1 


7 


h = 16 


The solution of this equation is 1^ = Ig = 1 ^ = 1 ^ = 1 and 

= 1^ = 1„ = 2. Irom this -we conclude that there are four 

5 o / 

123 

irreducible represen tations viz. 1 (R) , 1 (R) , 1 (R) and 


20 ) 
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K' (R) of dimension 1 each and three irreducible representations 
5 fi 7 

viz. D (R) , D (R) and H (R) of dimension 2 each. Since, from 
equation (3.8) 

= h = 16 
R 

the characters of each of sixteen elements of the first four 
irreducible representations v/hose dimension is 1 , is 1 or -1 > 
but that of the last three representations whose dimension is 
2, is 2, -2 or 0. Hence the character table is 


^8v 

E 

^8 

^8 

CO 

o 

^8 

.x5 

"8 

^8 

^8 

Si 


c ^^d 

6’ 

e 

Si 

6’ 

g 

^h 

x"* (R) 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 1 

1 

1 

1 

1 

1 

X^R) 

1 

1 

1 

1 

1 

1 

1 

1 

-1 

-1 -1 

1 -1 

-1 

-1 

-1 

-1 

X^(R) 

1 

-1 

1 

-1 

1 . 

-1 

1 ■ 

-1 

1 

1 ^ 

1 1 

-1 

-1 

-1 

-1 

X'^(R) 

1 

-1 

1 

-1 

1 . 

-1 

1 . 

-1 

-1 

-1 

I -1 

1 

1 

1 

1 

X^ (R ) 

2 

0 

-2 

0 

-2 

0 

2 

0 

0 

0 0 0 

0 

0 

0 

0 

X^(R) 

2 

0 

2 

0 

-2 

0 

-2 

0 

0 

0 0 0 

0 

0 

0 

0 

x'^(R) 

2 

0 

-2 

0 

2 

0 

-2 

0 

0 

0 0 0 

0 

0 

0 

0 

_ .Red .Rep. 
















X(R) 

8 

0 

0 

,0 

0 

0 

0 

0 

2 

2 : 

2 2 

0 

0 

0 

0 


*1 

It is evident that the irreducible representations of D (R) , 
I)^(R), I)^(R) and I)^(R) whose dimensions are 1 ,are the same as 
their characters but 33^ (R) , D^(R) and I)^(R) are not. Using the 
orthogonality theorem (Appendix 2) and its consequences the 
irreducible representation of the group comes out to be; 
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The number of times the irreducible representations D^(R) appear 
at the diagonal of Ii(R) is determined as follows; 

'I— n rnui fnUi (o)+i (o)+i (o)+i (o)+i(o) 

= 1 


E 


1 

1 

1 

1 


'1 oj r 0 

.0 ij L-i 


fi o' 
lo 1 


“b 

1 


1 o'’ p 

0 1- b 


0) 

1 ) = • 
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The nuraher of times the irreducible representations D^(R) appear 
at the diagonal of D(R) is determined as follows: 

a^ = lXx'’(R)X(R) = 1^(1(S)+1(0)+1(0)+1(0)+1(0)+1(0)+1(0)+1(0) 

+ 1 ( 2 )+ 1 ( 2 )+ 1 ( 2 ) + 1 ( 2 )+ 1 ( 0 )+ 1 ( 0 )+ 1 ( 0 )+ 1 ( 0 )) = 1 

3 .^ = X^(R)X(R) = ^(1(8) + 1(0)+1(0)-t-1(0)+1(0)+1(0)+1(0)+l(0) 

R 

- 1 ( 2 )- 1 ( 2 )- 1 ( 2 )- 1 ( 2 )- 1 ( 0 )- 1 ( 0 )- 1 ( 0 )- 1 ( 0 )) = • 


Similarly 

= 1 Xx^(R)X(R) = 1^(1 (S)+1(2)+1 (2)+1 (2)+l(2)) = 1 

R 


1 rx'^(R)'£(R) • |j(1(S)-1(2)-l(2)-1(2)-1(2)) = 0 

= ^SI^(R)X(R) = ^(2(S)+0) = 1 

R 

Sg = -^2 t«(R)X(R) =4 f( 2(B)+0) = 1 
a„ =^XxRr)I(R) =4^(2(S)+0) =. 1 

R 


Let transformation matrix a be designated by then 


D(R) = B(R)A = 


L 

Now we determine the ma 


l' (R) 


D^(R) 


0 


D^(R) 


0 


I3^(R) 


( 3 . 23 ) 


D^(R) 


trix gJ (following the same procedure 


as in previous seotion)as follows. 
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d'' (R) 
R 


1 -j for R - E, i/g, ug, Og and 

i p 

= 1D(E)+1]D(a3)+1E(o5) + 1E(0^)+1D(O^)+1D(o|)+1D(a|) + 1D(07)+1D(6p 

+1D(6p+1D(6^)+lD(6p+1D( 6p+1D(6p+1D(6M + lD(6^) 


,7 


2 

2 

2 

2 

2 

2 

2 

2 


2 

2 

2 

2 

2 

2 

2 

2 


2 

2 

2 

2 

2 

2 

2 

2 


2 

2 

2 

2 

2 

2 

2 

2 


2 

2 

2 

2 

2 

2 

2 

2 


2 

2 

2 

2 

2 

2 

2 

2 


2 

2 

2 

2 

2 

2 

2 

2 


2 

2 

2 

2 

2 

2 

2 

2 


G? Xd^(R)..])(R) 
R 


1D(E)+1D(Gg)+1E(Og)+1E(05)+1D(0^)+1I)(o5) 
+1B(G^)+1D(C^)-1D(6^)-133(6^)-1E(6J.)-1D(6^) 
-1D(5 p-1E(6p-lD(6p-1]D(6|^) = [0] 


G^ =^]D^(R)^^E(R) = 1D(E)-.1E(0^)+1])(0^)-1I)(G5)+1D(a4)_iD(o5) 

R 

+1D(G^)-1D(G^)+1D(6p+1D(6p+lD(6p+1E(6p 

-1I3(6p-1E(6p-1D(6p-1D(6p 
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2 

-2 

2 

-2 

2 

-2 

2 

-2 

-2 

2 

-2 

2 

-2 

2 

-2 

2 

2 

-2 

2 

-2 

2 

-2 

2 

-2 

-2 

2 

-2 

2 

-2 

2 

-2 

2 

2 

-2 

2 

-2 

2 

-2 

2 

-2 

-2 

2 

-2 

2 

-2 

2 

-2 

2 

2 

-2 

2 

-2 

2 

-2 

2 

-2 

-2 

2 

-2 

2 

-2 

2 

-2 

2 


=Z3)'^(R)^ -,13(11) = 1D(E)-1D(Cg)+133(Gg)-1D(0^)+1D(a^)-1D(o5) 

R 

+1D(0^)-i]3(0^)-1D(6^)-1D(6j^)-1D(6^)-1D(6J) 

+1D(6p+1D(6p-t-1D(6p+1D(6’^) = .[o] 

G^ = ^D^(R)^-,D(R) = 1D(E)-1D(Gg)-1I)(O^)+1I)(0|)+1I3(6^)+1D(6^) 

R 

-1D(6),)-1I)(6J) 

2 0 2 0 -2 0 -2 0 
02000-200 
00000000 
0 -2 000 200 
-2 0 -2 0 2 0 2 0 
0 -2 000 200 
00000000 
0 2 00 0 - 2-00 

g 5 = ^ 3 d 5 (R) 22 D(R) 

^ R 

= 1D(]J)-1D(o2)-1D(C^)+1D{J®)-1S(6;)-1D{6^)+1D(6p+1D(6J) 
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00000000 
0002000 -2 
-2 0 2 0 2 0 -2 0 
000 2000 -2 
00 0 00000 
000 -2 000 2 
20 - 20-2020 
000 -2 000 2 

D^(R)..D(R) 

' R ' ' 

= 1D(E)+1]D(0g)-1D(o4)-1D(O^)+1]D(6 p +1 D(6 p -1 D(6 ' g) -1 D( 6^ ) 

■ 1 1 _1 1-1-1 1 -1 

1 1 1 _i _i _1 -1 1 

1 1 1 _1 _i -1 -1 1 

1 1 _1 1-1-1 1-1 

- 1-1 1-1 1 1-1 1 

- 1 - 1-1 1 1 1 1-1 

_1 _1 -1 1 1 1 1-1 

_1 - 11-1 1 1-1 1 ■ 


R 

= 1D(E) + 1D(a^)-1D{C!^)-1I(G3)-1D(6;.)-1I)(6p+1I){6p+1Il(6^) 



67 


0 - 1010-101 
-1 21 - 2-1 21-2 
0 10 - 1010-1 

1 - 2-1 2 1-2 -1 2 

0 - 1010-101 
-1 2 1 - 2-1 2 1-2 
0 10 - 1010-1 

1 - 2-1 2 1 - 2-1 2 


The basis vector after normalization to unity comes 

out to be 


111 = -r-[ 11111111] 
/S 


1 


a 


a 


511 


-I .! 

= [ 1-1 1-1 1-1 1 - 1 ] 


/S 
1 


T 


- L 2 0 0 0 -2 0 0 0] 

5 " 73 ^ 

1 ^ 
^ [ 0 0 -2 0 0 0 2 0 ] 

521/3 


1 


a 


611 


/B 


[ 1 1 1 1 -1 -1 -1 -1 ] 


1 


= _ L [ 1 -1 1 - 1-1 1-1 1 ] 

621 ys \ 

m 

«7-,1=— [Y2 0 -f2 0 ^2 0 -r2 0]" 

ys 

^ = _-l_ [ 0 -\r2 0 f2 0 0 ^2 ] 

72 i /S 
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Therefore, the matrix a= A 

r 


'111 '^311 °^511 “521 “611 ^621 “711 “721 

d5(R) dHr) 



112 

0 

1 

1 

n 

0 


: 1 -1 0 

0 

1 

-1 

0 

-f2 


M 1 0 

-2 

1 

1 -fZ 

0 

i 

1 -1 0 

0 

1 

-1 

0 


/8 

1 1 -2 

0 -1 

-1 

fZ 

0 


1 -1 0 

0 -1 

1 

0 

-f2 


1 1 0 

2 -1 

-1 -V2 

0 


(3.24) 


j ^1 _1 0 0 -1 1 0 f 2 

I' 1 

It can be verified that A^ A^ = I = A“ A^, and therefore the 


transformation matrix A^ is orthogonal. tIow, from Eqn. (3.17) 


pq-* comp 


A^r Z i^^bcdefgh 
r^ pq -'phase 



Substituting values for A^ and p^xase (5.24) and 

(5.20) respectively, we get the impedance matrix in the component 


form: 
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r z 1 

pq-* comp 


0 , 1 , 2 , 3 , 4 , 5 , 6, 7 


„ s „ m 


m 

p(i" pq 


0 


„s m 
z -z 

pq pq 


s 


S<1-"P4 

S 


m 




z — z 

pq pq 


z — z 

pq pq 


Z “"Z 

pq pq 


( 3 . 25 ) 


Prom this it is clear that the transformation matrix 
diagonalizes the coefficient matrix [ Z ] of 8-phase stationary 

Jr Si 

elements. It is to be noted here that the matrix ■‘^o derived 
e'irlier can also diagonalize[ ^pq ] since stationary elements also 
possess rotational symmetries in addition to reflection ones. The 
diagonal elements of[ ^ are the sequence impedances in this 

pq cjouip 

case, more specifically, the zero sequence impedance ^pc[=^pq'^'^^pq 

and 1st, 2nd, 3rd, 4th, 5th, 6th and 7th sequence impedances are 

n - 14 . s ..rn 

all equal to ^pg^^pq* 


Op in pi ex Power 

The complex power 

3 _ p _-iQ 

pq pq pq 


in the 8-phase 
-abcdefgh 

^pq 


stationary 


■rabedefgh 

^pq 


element p-q 
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-r M »2,3,4,5,6,7 i* r i tO, 1 , 2, 3 ,4 ,5 ,6 , 7] 

r ^pq ^ ""r ^pq 

_ ryO,1,2,3,4,5,6,7-j* ^ r jO , 1 , 2 , 3 , 4 , 5 , 6 , 7 -] 

" L^pq -I r r t- ^pq J 


rO, 1,2, 3, 4, 5, 6, 7/-' r ^0,1 ,2, 3, 4, 5 ,6,7 

^ T\n -J L "^“nn 


* . 
as and A^ jx^ =z 1 


Hence we conclude i 

Iroposl tlon : The orthogonal matrix A^ which transforms the fiel 
of phasors of a S-phase system to the field of components is a: 
linear power invariant real transformation matrix similar to 
Clarke's component transformation matrix of 3-phase systems. 



CHAPTER 4 


1 2-PHASE P0^;ER system TTEWORiCS 


In the previous chapter, we derived suitable transforms 
for the purpose of both steady state as well as transient anal 
of 8-phase systems. Here, we derive the transf ormations for 1 
analysis of 12-phase systems and also the expression for sequf 
impedances and complex power. 

4.1 12-P:rIASP ROmilATG FLMT^rTS 

Por rotating elements, the symmetries are .such that 
circularly permutations port voltages will cause similar perm' 
tations of the port currents, i.e., if the voltage vector 

is changed to P(P0 then correspondingly the cur 

vector is replaced by D(R) .So 


1^(R) 


-phase 

'pq 


= [Z ] ^ D(R) 
pq-'phase 


1 -phase 

^pq 


or 


-phase ^ 2 ] 


pq^phase 




paring equation (2.4) and equation (4.1) we get 


-1 


[ Z 1 , = D~' (R)[Z 1 


pqJ phase 

Taking R = then D ' 2 ^ “ 


pq -“phase 
-'ll j-v, ^ 'll 


D(R) 


,11 


t^pqJphase ^^"^1 2 "^ Ppq^ phase ^^'^12^ 


(4 
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lerforming the matrix multiplications and thenmaking term hy t* 
comparison in Eqn.(4.2), we find that Z is cyclic matr: 

Pu. 3 ,S 0 

and is of the fom; Z 

pq phase 


z ® 

pq 

pq 

z“2 

pq 

pq 

z^4 

pq 

<n 

pq 

^m6 

pq 

2m7 

pq 

„mS 

z 

pq 

^m9 

pq 

^mlO 

pq 

m11 

pq 

mil 

pq 

z® 

pq 

m1 

pq 

^mP 

pq 

2m3 

pq 

2ni4 

pq 

z“5 

pq 

^m6 

pq 

.m? 

^pq 

^mS 

pq 

pq 

^mlG 

pq 

pq 

pq 

z® 

pq 

ml 

pq 

^mP 

pq 

2m3 

pq 

2m4 

pq 

z“5 

pq 

^mS 

pq 

pq 

^mS 

pq 

2^9: 

pq; 

^m9 

pq 

mio 

pq 

^ml 1 

pq 

^pq 

z^^ 

pq 

pq 

pq 

^m4 

pq 

z“5 

pq 

^me 

pq 

pq 

pq^ 

z® 

pq 

pq 

z^O 

pq 

pq 

z® 

pq 

pq 

m2 

pq 

2m3 

pq 

7014 

^?q 

z“5 

pq 

„m6 

pq 

pq: 

. 

^ms 

pq 

„m9 

mio 

pq 

^m11 

pq 

z® 

pq 

^pq 

pq 

m3 

^^pq 

pq 

2m5 

pq 

m6 

z 

pqi 

m6 

pq 

pq 

ml 

^pq 

%q 

mio 

pq 

ni1 1 

"?q 

-pq 

„m1 

pq 

pq 

m3 
' pq 

2m4 
■ pq 

pq 

pq 

m6 

^pq 

2^17 

pq 

mS 

pq 

^m9 

pq 

^m10 

pq 

pq 

{a 

^pq 

m1 

^pq 

z^^ 

pq 

m3 

Sq 

„m4 

pq 

^-q 

„m5 

pq 

m6 

^pq 

2m7 

pq 

rnS 

pq 

»m9 

’’pq 

m10 

^pq 

m11 

^pq 

a 

^pq 

z^^ 

pq 

z ^2 

pq 

pq 

2pq 

^pq 

pq 

m6 

'’pq 

^mq 

"pq 

z®S 

pq 

-pq 

^mlO 

pq 

.mil 

"pq 

z® 

pq 

ml 

■ pq 

mi 

Pf 

m2 

pq 

pq 

^m4 

"pq 

Sq 

pq 

^pq 

mS 

pq 

2^19 

pq 

,m10 

pq 

^m11 

pq 

z® 

pq 

ml' 

z 

Pf 

^ml 

pq 

m2 

pq 

pq 

^pq 

z“5 

pq 

m6 

^pq 

pq 

m3 

^pq 

2m9 

pq 

^mlO 

pq 

m11 

”59 

^5 


¥ow, the eigenvectors of permutation matrices (equation 2.5) 
given hy the follov/ing matrix A [11 ] 
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Matrix 


° /Yl 
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1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

a 

2 

a 

a5 

a^ 

a® 

a® 


B 

a 

a^ 

10 

a 

11 

a 

2 

a 

a3 

a-* 

a® 

a® 


a^ 

9 

a 

a'O 

a" 

a 

a3 

a^ 

a® 

a® 

a7 

S 

a 

a^ 

10 

a 

11 

a 

a 

2 

a 


a5 

a® 


a® 


a'O 

11 

a 

a 

2 

a 

a® 

a5 

a® 

a'^ 

a® 

a® 


11 

a 

a 


a^ 

s'* 

a® 

a7 

a® 

a® 

a'O 

11 

a 

a 

2 

a 

a^ 

a4 

a® 

7 

a 

a® 

a® 

a^O 

1 1 

a 

a 

2 

a 

a® 

a^ 

a5 

a® 

S 

a 

a5 

10 

a 

11 

a 

a 

2 

a 

a® 

a-* 

a5 

6 

a 

a® 

Q 

a"" 

10 

a 

11 

a 

a 

2 

a 

a® 

a® 

a® 

6 

a 

a® 

a® 

a1° 

11 

a 

a 

2 

a 

a ■' 

a'^ 

a® 

a® 


a® 

a® 

1 1 
a 

a 

2 

a 

a® 

a^ 

a® 

6 

a 

a® 

S 

a 

a® 

10 

a 


can also "be ex^.ressed as 


1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

\ 

1 

1 

a 

2 

a 

3 

a 

*2 

-a* 

-a* - 

-1 - 

-a 

-a® . 

-a® 

*2 

a* 

a* 

1 

2 

a 

3 

a 

-a* - 

-a* - 

-1 - 

-a 

2 

-a 

-a® 

a*® 

a* 

a 

1 

3 

a 

- 

-a* - 

-1 - 

-a 

2 

-a 

3 

-a 

«2 

a* 

a* 

a 

2 

a 

1 

-a*^- 

- 

-1 - 

-a ■ 

2 

-a 

-a^ 

a*® 

a* 

a 

2 

a 

a® 

1 

-a* - 

-1 - 

-a 

2 

-a 

3 

-a 

a*^ 

a'^ 

a 

2 

a 

a® 

-a*^ 

1 

-1 ■ 

-a 

2 

-a 

3 

-a 

*2 

a* 

a* 

a 

2 

a 

a® 

-a*® 

-a* 

1 

-a 

2 

-a 

3 

-a 

a*® 

a* 

a 

2 

a 

a® 

-a*® 

-a-^ 

-1 

1 

2 

3 

a.2 



2 

3 

„2 

-a* 



-a 

-a 

a* 

a-^ 

a 

a 

a 

-a* 

-1 

-a 

1 

-a® 

a*^ 

a* 

a 

2 

a 

a® 


-a* 

-1 

-a 

2 

-a 

1 

a*^ 

a-^ 

a 

a® 

3 

a 

-a»® 

-a* 

-1 

-a 

2 

-a 

-a® ' 

1 

a* 

a 

2 

a 

a® 

-a*^ 

--a* 

-1 

-a 

2 

-a 

3 

-a 

a»i 
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because 


= e3'^’'/12 

a? ^ ^j6^/12 


= 1/30° =. ■!( v34-ji ) 

= 1/60° = t(1+jV3) 

= 1/90° = j 


a4 ^ g03V'l2 ^ ^/^20° = ^(-U^p) = _a*^ 
a5 ^ 1/150° =i(-V3+3l) = -a* 

= gDl2T!:/12 ^ -]^'|3o° = -1 


The unitary matrix A which diagonalizes the perrautati 

o 

r 

matrix T)(R), will also diagonalize the impedance matrix |2-f,Q \i 

L— pH-— 

it commutes with D(R). The matrix is the transformation m; 
for 12-phase power system netA-vork; similar to symmetrical comp? 
nent matrix for a 3-phase system. ; 


>low, we rederive the transformation matrix a , using 
group theoretic technilues, for 12-phase system. 

Group Theoretic Approach: I 

Ve have seen in Ohapter 2 that permutation matrices j 
(evjuation 2.5) representing rotational symmetries of a 12-phi 
power s^rstem . network form a cyclic group 0^ g of order 12. Eai 
element of group is in a separate class. Therefore, the nuii 
of classes in group '''^iH be equal to 1 2 and the number c 
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irreducible representations -which are equal to the number of 
classes will also be equal to 12. Let 1^, 1^, 1^2 the 

dimensions of these irreducible representations, then from 
Eqn . (3.7), we get 

2 2 

-L. — + lp+ +1^0=^''^ 

i^1 1 I ^ 

1 . e . r — ^2 ” ... “ 1 >j 2 ” 


Therefore all the irreducible representations have the dimensic 

2 

equal to 1. likewise from equation (3.3) (H) = 12 and hi 

i 

the characters X (R) are each of unity modulus. Using standari 
computational techniques based on the orthogonality theorem 
(Appendix 2), one gets the character table shown below: 


Ol 2 

E 

o'l 

Ol2 

.2 

■■"12 

.3 

^12 

C\J 

X — 

o 

^5 

'^12 

'(S 

"12 

.7 

"12 

^3 

"12 

.9 

^12 

,^10 

"12 

.11 

"12 

(H) 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

X^(R) 

1 

a 

2 

a 

a^ 


a5 

6 

a 


a^ 


10 

a 

11 

a 

x5(r) 

1 

2 

a 

a5 

a^ 


6 

a 

a^ 

a^ 

a^ 

a'O 

11 

a 

a 

X^(R) 

1 

3 

a 

a-* 

a5 

a^ 

a'^ 


a^ 

10 

a 

11 

a 

a 

2 

a 

^^(r) 

1 

a** 

a5 

■ 

a^ 

a^ 


a''" 

11 

a 

a 

2 

3. 


X^(R) 

1 

a5 

aS 


a'^ 


10 

a 

11 

a 

a 

2 

a 


a-' 

X^(Rj 

1 

a® 

a.’’ 

B 

a 


a'O 

11 

a 

a 

2 

a 

a? 

a'' 

a5 

X^(R) 

1 


8 

a 

a? 

10 

a 

11 

a 

a 

2 

a 

a" 

a^ 


a6 

X^(R) 

1 

3 

a 

a9 

10 

a 

11 

a 

a 

2 

a 

a'i 


a5 

a® 

a'? 

1^°(R) 

1 


a'° 

11 

a 

a 

2 

a 



a5 

6 

a 


8 

a 

x^\r) 

1 

10 

a 

11 

a 

a 

2 

a 

5 

a 

a^ 

a5 

6 

a 

a^ 

a3 

a’ 

l^^(R) 

1 

11 

a 

a 

2 

a 



a5 

6 

a 


a® 


10 

a 
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Evidently, in this case as the dimension of irreducible represen- 
tations is 1, the irreducible representation is given by the 
character table itself. 


2 

E 

Oi 2 


^12 

"'I 2 

g5 

"^12 

.6 

^12 

.-.7 

^12 

^"12 

^12 

ro o 


R^CR) 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

R^(R) 

1 

a 

a2 

a5 

a^ 

a5 

a^ 

a^ 



a'O 


D^R) 

1 

a^ 

a5 

a4 

a5 

a^ 

a7 

aS 

a^ 

a'O 

a^' 

a 

E^(R) 

1 

a^ 

a4 

a5 

a^ 

a7 

a3 

a^ 

a^O 

a^1 

a 


d^(r) 

; 1 

a4 

a5 

a^ 

a7 

aS 

a9 

a^O 

a^' 

a 

a2 

a- 

d''(r) 

1 

a5 

a^ 

a'^ 

aS 

a9 

a^O 

a^^ 

a 

a2 

a3 

a^ 

E^(R) 

1 

a^ 

a7 

aS 

a9 

a^O 

a^^ 

a 

a^ 

a5 


a':' 

R®(R) 

1 

a7 

aS 

a'^ 

a^O 

a^^ 

a 

a2 

a3 


a^ 


E^(R) 

1 

aS 

a^ 

a^O 


a 

a2 

a5 

a"^ 

a5 

a^ 

a 

E^°(R) 

1 

a9 

a^O 

a^^ 

a 

a2 

a5 

a'^ 

a^ 

a^ 

a^ 

a 

R^^(R) 

1 

a^O 

a^' 

a 


a5 


a5 

a^ 

a^ 

aS 

c 

l)^^(R) 

1 

11 

a 

a 


a5 

a4 

a5 

aS 

a7 

aS 

a9 

G 


Irreducible Representation 

The number of times each of these irreducible representations ; 
D^(R) appear at the diagonal of the reduced out represen tatio 
D(R) is given by Eqn.(5.l0), 

ai = 1 ^X^(R) X(R) 

R 

Substituting from Eqn.(4.5), v/e get 

a^ = Y2 ^x\r)X(R) = 1(12)+1(0)+1(0)4-1(0)+1(0)+1(o)+1(: 

+ 1 ( 0 )+ 1 ( 0 )+ 1 ( 0 )+ 1 ( 0 )+ 1 ( 0 )) = 1 
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Similarly, a 2 = = a^ = ag = a^^ = a^^ 

= a^2 = '' 

'^‘herefore 'B(R) is of the form: 

(R) 

D^(R) 

D^(R) 

33^(R) 

D^(R) 

D^(R) 

D^(R) 

:d®(R) 

R^(R) 

D^°(R) 

0 D^^(R) 

D^^(R)^ 

Now, we construct the matrices &? using Eqn.(3.16), i^e. ; 

G? = XD^(R).. D(R) for j = 1 , 2 ,..., 12 
^ R 

g] =^dHr)^^D{R) = 1D(E)+11(R.5)+1D(R2)+1D(R3)+1I)(R^)+1D(R5) 

^ +1DCRg)+1D(RY)+1D(J^3)+ 1D(Rg)+1D(R-,o)+1D(5 

‘wli(n3r 0 5.^ = 

G^ =2" D^(R)-n^(R) = 1D(E)+aD(R., )+aS(R 2 )+a^I)(R 3 )+a^D(R 4 )+a^I)| 

+a^]D(Rg)+a^]3(R^)+a^I)(R3)+a'^13(Rg)+a^S(R^| 

+a'' I)(R^ -| ) 


(4.7 


n(R) = 



7S 


= Xd^(R)^^D(R) = 1D(E)+a^D(R^)+a^D(R2)+a^D(R5)+a5D(R^)+a^D(R5) 

+a^D (Rg ) +a®D ( R^ ) +a^]D ( Rq ) +a^ °D( Rg ) +a ^ ^ D ( R^ ^ ) 

+aD (R^ -j ) , 

G^ = ;|Id^(R)^^D(R) = 1E(E)+a^D(R^ )+aS(R2)+a^E(R3 )+aS(R^)+a’^E(R^ ) 

+a®D(Rg)+a^D(Ry)+a^°D(Rg)+a^”'D(Rg)+aD(R^Q) 

+a^D(R-|-|), 

G^ =;Fd^(R)^^D(R) = 1E(E)+aS(R^)+a^E(R2)+a^D(R5)+a^D(R^)+a®E(R5) 

+a^D(Rg)+a’^°B(R^)+a''''D(Rg)+aD(Rg)+a^3(R^Q) 

+a' B(R^ -j ) f 

G^ = 'ZD^(R)^-jD(R) = 1D(E)+a^D(R^)+aS(R2)+a'^D(R5)+a^E(R^)+a^E(Rg) 

+a'' °D( Rg ) +a^ ^ D ( R^ ) +aD ( Rg ) +a ^I)( Rg ) +a^D (R^ Q ) 

+a B(R^ "I ^ » 

G^ = 'EB^(R)^^D(R) = 1B(E)+a^E(R^ )+a'^D(R2)+a®B(R3)+aS(R^)+a^°D(Rg) 
R 

+a^^B(Rg)+aB(R^)+a D(Rg)+a^D(Rg)+a'^B(R^Q) 

+a I)(R-| ^ ) , 

G® = Xl)®(R)^^I)(R) = 1D(E)+a^I)(R^)+a®D(R2)+a^I)(R2)+a^°D(R4) 

R 

+a^^B(R5)+aD(Rg)+a^D(R^)+a^]D(Rg)+a^I)(Rg) 

+a^]D(R^Q)+a^B(R^^), 

G? = X D^(R)..I)(R) = 1B(E)+a®D(R^ )+a^D(R 2 )+a'^^D(R^)+a*'^D(R^) 

+aB (Rg ) +a ^B (Rg ) +a^B(R^ ) 4-a'^B( Rg ) +a^B(Rg ) 

+a^B(R^Q)+a'^B(R^^), 
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= X D^^(R)^^33(R) = 1R(E)+a^R(R^)+a''^D(R2)+a"'S(R3)+aD(R^) 

R 

+a^D(R5)-fa^I3(Rg)+a4D(R^)+a5D(Rg)+agE(Rg) 
+a'^D(R^Q)+a D(R^^), 

= Xd^Rr)-,^D(R) = 1R(E)+a^S(R^)+a^‘'l)(R2)+aD(R5)+a^D(R^) 

R 

+a^D(R5)+a^D(Rg)+a^D(R^)+a^D(Rg)+a^D(Rg) 

+aS(R^Q)+a^R(R^^), 

aad 

g]^ =Xd‘^^(R)^^R(R) = 1D(E)+a^ VR-i)+aD(R2)+a^D(R5)+a^ rCR^) 

R 

+a'^E(R5)ta^D(Rg)+aS(R^)+a^R(Rg)+a^R(Rg) 

+a^E(R^Q)+a’'°D(R^^). 

TvTow, scanning the matrices G^'s from left to right and picking; 
first linearly independent columns from each of these matrices 
■we get the basis basis vectors after normali- 


zation 

to unity 

come 

out to be 






1 

^/T2 









T 

^111 

[ 1 

1 

1 

1 

1 1 

1 

1 

1111 

] 

'^211 

1 

,T2 

[ 1 

a 

2 

a 

a5 

4 5 

a a 

a6 


3 9 10 

a a a a 

11 

^311 

1_ 

^/T2 

[ 1 

2 

a 

a5 

a'^ 

5 6 

a a 

a^ 

a® 

9 10 11 

a a a 

T 

a ] 

^^411 

= _L 

■yT2 

[1 

a5 


a5 

6 7 
a a 

8 

a 

a^ 

10 11 
a a a 

2 ^ 
^ ] 

'^511 

1 

yT2 



a5 

aS 

7 8 
a a 

a9 

10 11 2 
a a a. a 

a j 
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a 


1 r -1 o5 ^6 7 S ^9 ,10 1 1 2 3 4 i 

■ 5 - 1 -] = — ~ [laaaaaa a aaa a] 

^j/ 1 2 


a 1 r . ^6 7 s 9 10 11 2345. 

= [7 a a a a a a a a a a a j 

yrz 


a 


811 


1 r i o7 8 9 10 11 234561 

[laaaa a aa aaaaj 


yi2 


a 1 r 1 ^3 9 10 11 2 3 4 5 6 7 , 

“n-n = llaaa a aaaaaaal 


T 


a 


r , 9 10 11 2 3 4 5 6 7 8, 

10 11 ' SL 3. 3. 333333.33.J 


a 


a 


1 

yT2 

1 


10 11 


2 „4 5 6 7 8 ,9 


_ _ [1 a'^ a’ a a^ a^ a"^ a" a ' a" a^ i 

11 11 ^ L J 

1 r. 11 23456789 10 , 

12 11 “ — ^ ^ aaaa aa aaa ] 

y/T2 


T 


Thus the transformation matrix A =< 3 <Ccomes out to be 

am 

d”’(R) 3D^(R) D^(R) D^(R) I)^(R) D^(R) D^(R) D®(R) 


A 

0 


“91 1 

D^(R) 


°^1 0 1 1 1 1 1 1 “1211 

D^'^(R) D^^CR) 33*’ ^(R) 
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1 1 
yT2 , 


1 a 


1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

3 . 


a^ 

a^ 

a5 

6 

a 

a^ 

a^ 

a5 

a^O 

1 

a 

a2 

a5 

a4 

a5 

a^ 

a'^ 

aS 

a^ 

a^O 

a” 

a 

a5 

a'^ 

a5 

a^ 

a7 

a8 

a9 

a^O 


a 

a^ 

a4 

a5 


a'7 

aS 

a^ 

a'O 

11 

a 

a 

2 

a 


a5 

a« 

a7 

aS 

a9 

a^O 

11 

a 

a 

2 

a 

a5 


a^ 



a5 

a'O 


a 

2 

a 

a5 

a4 

a5 

a7 

a® 

a9 


a'^ 

a 

2 

a 

a^ 

a^ 

a5 

aS 

00 

a9 

a'O 

a'' 

a 

a2 

a5 

a4 

a5 

a® 

a? 

a9 

a’° 

11 

a 

a 

2 

a 

a5 

a^ 

a5 

a^ 

a? 

aS 


a'' 

a 

a^ 


a^ 

a5 

a^ 

a7 

a^ 

a5 

a'' 

a 

2 

a 

a5 

a'' 

a5 

a6 


aS 

a9 

a 


(4.8 


¥e can sro that this matrix is same as the one given in Eqn.(4; 

*T} 

It can be seen that A = I i.e. A is unitary and power 

c c o 

invariant. How from Eqn.(5.17), 




^rn 

^c [ 2.0 


pq. -comp c L pqiphase c 


Substituting for A^ from eqn.(4.4) and [^pq]p^ase (4.5),J 

we get 

20,1,2,3,4,5,6,7,3,9,10,11 ^ | 

pq comp I 

^s , ml „m2 ^m3 „m4 , „m5 „m6 m7 „m8 m9 „m10, mil i 

pq ^pq'^^pq^^pq pq pq pq o i 

s ml ^ 2 m2 3 m3 *2 m4 m5 m6 „ m7 ^2 mS : 

^pq'^^^pq ^pq"^^ ^pq"^ ^pq ^pq~ pq pq ^pq ^ 

3 mO *2 m1 0 „ ml 1 

a z_„ +a* z, +a*z 


0 
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Therefore, the zero sequence impedance 2 °^^ is equal to 


zf. = z!, + z“l + z“? + ■& + z“f + ^ ^m6 ^ ^m7 ^ 


p<i pq pq pq pq pq pq pq 


pq 


mS ^ m9 , „ia10 

pq pq pq ^ pq 


The first sequence impedance 


1 s ml ^2 ra2 3 m3 ^*2 m4 m5 m6 

z ^ +az „+a z „+a z^„-a* z^„-a*z_„-z^^ - 

pq pq pq pq pq pq pq pq 


m7 2 mS 3 ni9 ^2 mlO z<. m11 
^"pq-^ "pq-^" ^pq^^ "pq "pq 


and so on. 


Proposition : The transformation matrix which diagonalizes ; 
the coefficient matrix of 12-phase rotating element network, i; 
a linear power invariant transformation matrix with complex 
elements similar to the symmetrical components for 5-phase 
system. 


4.2 12-PHASE STATIOHART EIPMEHTS 

Power system stationary elements possess rotational as! 
well as reflection symmetries (typical example is that of '1 2-f 
transposed transmission line). These symmetries can he repre 
ted by permutation matrices D(R) (eqns. 2.5 and 2.7) as seen! 
last chapter. In the previous section we have seen that 
impedance matrix for 12-phase net\vork with rotational symmetj 
is cyclic (eqn.4.3). How, for networks possessing reflectioi 
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symmetries in addit on to rotational ones, applying (3.1) 

for R = 6^, ^f’ ^i’ ^1 

making term by term comparison in • 

Ppi = ^''(R)C^q]phase 


for R =6^, 6i 


¥e get that [^pq] is of the form: 
phase 


s 

2 

p(l 

m 

^pq 

z"" 

pq 

pq 

2°^ 

pq 

pq 

PI 



pq 

pq 

in 

z ^ 
P4 

m 

^Pl 


"m 

pq 

„m 

pq 

z^" 

pq 

m 

"pi 

z“ 

pq 

m 

P^l 

z® 

pq 

z^ 

pq 

z“ 

pq 

m 

^pq. 

pq 

z"' 

pq 

z^ 

pq 

z® 

pq 

^Pa 

m 

^pqi 

m 

pq 

pq 

z“ 

pq 

pq 

^Pa 

m 

^pq 

pq 

z"' 

pq 

z^ 

pq 

z"' 

pq 

pq 

m 

^pq 

pq 

pq 

pq 

pq 

z^ 

pq 

pq 

z“ 

pq 

m 

z 

pq 

z“ 

pq 

„m 

pq 

z'^ 

pq 

pq 

„m 

z 

pq 

m 

pq 

pq 

pq 

z“ 

pq 

m 

^pq 

pq 

pq 

z^ 

pq 

z"^ 

pq 

z^ 

pq 

pq' 

z’^ 

pq 

z“ 

pq 

„m 

pq 

z“ 

pq 

m 

pq 


z“ 

pq 


pq 

z“ 

z“ 

pq 


pq 

pq 

pq 

z® 

z^ 

pq 

z“ 

pq 


pq 

^pq 

pq 

pq 

z“ 

z^ 

z^ 

z“ 



pq 

pq 

pq 

pq 

pq 

pq 

z^ 

pq 

pq 

pq 

z“ 

pq 

z“ 

pq 

pq 

z“ 

pq 

z“ 

pq 

m 

z 

pq 

z“ 

pq 

m 

z 

pq 

z“ 

pq 

pq 

pq 

z“ 

pq 

„m 

pq 

z^ 

pq 

pq 

s 

z 

pq 

„m 

pq 

m 

z 

pq 

z“ 

pq 

z“ 

pq 

z“ 

pq 

z“ 

pq 

z® 

pq 

z“ 

pq 

z“ 

pq 

pq 

z^ 

pq 

m 

z 

pq 

m 

z 

pq 

z® 

pq 

z“ 

pq 

m 

z 

pq 

z” 

pq 

^m 

pq 

z^ 

pq 

pq 

z" 

pq 


z“ 

pq 

m 

^pq 

pq 

z“ 

pq 

m 

z 

pq 


pq 

z^ 

pq 

z^ 

pq 

z“ 

pq 

„m 

V 

m 

2 

pq 

o 

^pq 


( 4 . 10 ) 
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The twenty four symmetry operations form the group 
twenty four but there are only nine classes viz,[D(E)];f 

])(o]J)] ; []D(0^2)»^^^12n ; ; C ^(^{23 2^ 3 | 

[1(0^2), 1(0^2) 3 ;[d(0^23] 5 ^ d(6;: 

D(6p];[ D(6j_)] . Therefor 

the number of irreducible representation is also nine, let 
, I 2 , Ig le 'the dimensions of these irreducible repress 

tations. Then, from eqn.(3.7), we have 


i=1 


2 2 2 2 
1^ = 1^ + I 2 + + Ig = h = 24 


The 


solution of this equation is 1^ = I 2 = 1^ = 1^ = 1 


and 


1 ^ ~ ^6 “ ^7 ~ “ ^9 “ ^^om this we conclude that there 

1 2 5 

are four irreducible representations viz. D (R) , 1 (R), D''^(R):. 

4 

1 (R) of dimension 1 each and five irreducible representation! 
viz. (R) , D^(R), d"^(R), I)®(R),and D^(R) of dimension 2 each 
from eqn. (3.3) , i 


R 


X^(R) = h = 24 


So, the character of each of twenty four of first four irredu 
representations whose dimension is 1 is of unity modulus, but 
of the last five representations whose dimension is 2, is 2, 
-2 or 0. Row, we write character table using orthogonality | 
theorem (Appendix 2) and its consequences. 
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I 


o 

! ^ 


H 

rH 

0 



1 

1 









O 

H 

H 

H 

H 

0 



1 

1 



<o 

HI 

H 

H 

H 

0 



1 

1 









<0 

H 

H 

H 

H 

0 



1 

1 









<0 

H 

H 

H 

H 

0 



1 

8 



- 

^0 

H 

H 

H 

H 

0 



1 

1 










H 

H 

H 

H 

0 



I 


1 


CD 






<0 

H 

H 

H 

rH 

0 



1 


I 


•*nd : 






0 , j 

H 

H 

H 

H 

0 

1 


1 


r 


- 0 






0 

H 

H 

H 

H 

0 



f 


1 


-rQ 






0 

' H 

H 

H 

H 

0 



> 


1 


•" cd 






CO 

H 

H 

H 

j — 1 

0 



1 


1 


H CvJ 

H H 






0 

H 

H 

H 

H 

H 




1 

1 


0 CO 

rH rH 






0 

H 

H 

H 

H 

H 






1 

CNJ 






CT\ rH 






0 

H 

H 

H 

H 

CM 




1 

1 

8 

CM 






CO H 






0 

H 

H 

H 

H 

H 

1 

CM 





C-H 






0 

H 

H 

H 

H 

H 




1 

1 


CM 






VX) rH 






0 

H 

H 

H 

H 

CM 

CM 






LO.H 






0 

H 

H 

H 

H 

H 




1 

1 


CM 






H" H 






0 

H 

H 

H 

H 

H 






1 

CM 






CAH 






0 

H 

H 

H 

H 

CM 




t 

1 

1 

CM 






CM 1 — 1 






0 

H 

H 

H 

H 

H 






1 

H CM 






rH 






0 

H 

H 

H 

H 

H 




1 

8 


CA 

H 

H 

H 

H 

CM 







> 


Ph 


pel 

Ph 

CM 


N ^ 


V ^ 

N ^ 

H 

H 

CM 



LA 

0 

J>< 

|x) 

H 


X 


0 

0 

0 

0 

0 

H 






H 


0 




* 

0 

0 

0 

CD 

H" 







0 

0 

0 

0 

0 


0 

0 

0 

0 

0 


0 

0 

0 

0 

0 


0 

0 

0 

0 

0 


0 

0 

0 

0 

CM 


0 

0 

0 

0 

CM 


0 

0 

0 

0 

CM 


0 

0 

0 

0 

CM 


Q 

0 

0 

0 

CM 


0 

0 

0 

0 

CM 

PO 

H 

0 

H 

H 

0 

1 



8 


EH 

H 

CM 

H 

H 

0 

04 

-q 

1 

1 










0 

CM 

0 

CM 

CM 

0 





8 


0 

H 

CM 

H 

H 

0 


8 


1 

8 



H 






8 

0 

H 

H 

0 




1 




CM 

CM 

CM 

CM 

0 



1 

1 

8 



H 

0 

H 

H 

0 


1 


8 




H 

CM 

H 

H 

0 


1 


* 

8 



CM 

0 

CM 

CM 

0 


H 

CM 

H 

H 

0 


1 

1 





H 

0 

H 

H ' 

0 


* 



8 1 

CM 


CM 

CM 

CM 

CM 

H 






j 2 

Oh 







Oh 

0:4 

Oh 

Oh 



" ^ 




nd Oh 


XD 


CO 

Ch 

CD" — 



1 x 4 

X 

X 

pc ^ X 




I 
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It is evident that irreducihle representations whose dimension 
is 1 , are the same as their characters. Irreducible represen- 
tations, whose dimension is 2 are found by using orthogonality 
theorem and its consequences (Appendix 2) and Cayley' s table. 
To find the irreducible representations, first we find irredu- 
cible representation for rotational symmetries and by using 
Cayley' s table irreducible representations for reflection 
symmetries are found. The irreducible representations in the 
final form are given by equation (4.12). 

The number of times each of the irreducible representa- 
tion D^(R) appears at the diagonal of D(R) is determined by 
eqn.(3.10), and thus we obtain, 

= 1 , a2 = 0, a^ = 1 , a^ = 0, = ag = = ag = ag 

Let the transformation matrix be then 

T 

13(R)=A* D(R)A^ = 


After this we determine matrix following the procedure out- 

1 1 1 1 1 2 1 

lined earlier and thus obtain G-| > Gp’ *^4’ ^6’ 

Gg, G^, Gg, g|, Gg,and Gg. 


I)'(R) 


D^(R) 


0 


L^(R) 


D^(R) 


D^(R) 


L®(R) 


0 


D^(R) 


( 4 . 13 ) 




^4* J * 
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The basis vector is also found in the similar 


manner and comes out to be the following: 


a _ ^ r ^ 

1 1 1 - — L 1 
712 

1 

1 

1 1 

1 

1 

1 

1 

1 

1 1]^ 

a _ r -1 

-1 

1 

-1 1 

-1 

1 

-1 

1 

-1 

1 -1]^ 

^ m 1 ~ r ■/ 2 
712^ 

I zl 

4z Jz 

V2 ^ 
/2 

1 

72 

1 

-1 

-/2 

£L -1] 

42 r2 

«C21 = 4r [ 0 
712 

TZ 

3 /3 

0 

° "75 

j 

0 

J 

-1 

0 - 

-li f 

j 2 j 2 

«... = 4r[ 72 

712 

1 

4 -/i 
72 

rl 

/2 

dl 

7*2 

/5 

72 

72 

42 4 =4\ 

72 s/2 


“621 =7^ li 4 0 J 4 0 4 4 0 ii 4i 


ii -Hi 


a = [ yz 0 -JZ 0 J2 0 -JZ 0/2 0 -/2 0 T 

711 s/12 


7P1 = ^- [ 0 J2 0 -J2 0 y2 0 -/2 0 /2 0 -J2 ]' 

^ /12 


-[ ^2 i -72 4 4 -/2 4 4 </2 1 ^ 


/2 /2 


4 4 </2 1 -i 

s/2 /2 /2 /2 


-I rn 43 3 13 /I -1 |3 1/3 ^ ifl -ifl ill -Lfli 

8 21 ~ '■ 2 j "2 2 J 2 >2 2 j 2 ^2 ^ 2 j 2 2 j 2'^2 2 ] 22 2 ;' 2 -! 


-4:r.[ /2 4^/2 -4 .J2 1 zl 

/1 2 72/2 /2 ./2 72 72 


1 4 ] 

y 2 72 



90 


and 



— :[o 

/12 



111 

2 J 2 



-111 111 H -'I /3 -1 

2] 2 2] 2 ~J2 ZJ2 2j2-‘ 


Therefore, transformation matrix = matrix a = 


r (Y 
- 

a 

311 

.‘^511 “521 “ ( 

511 ° 

■ 621 

D^(R) I 

i^(R) 

d 5(R) 



(R) 


1 

1 

/2 

0 

yl 

0 

72 


1 

-1 


3 

0 


5 

0 




/2 - 

2 


n/ 2 



1 

1 

— h 
,2 A 

zl 

/2 

A 

A 


-1 

-1 

-/2 

0 

/2 

0 

0 


1 

1 

-1 /3 


/3 

J2 

A 

1 

1 

-1 

-1 

£]_ 

72 

3 

" ^ 

0 

/T2 

1 

1 

/2 

0 

72 

0 

-72 


1 

-1 

-1 1 

(3 

“K 

£1_ 

M 

0 



2 

72 



1 

1 

Zl ! 

y2 ' 

(3 

'2 

-1 

7^ 

A 

7^ 


1 

-1 

V2 

0 

7^ 

0 

0 


1 

1 


i| 

-1 

ji 

1 0 

Vs 




n ’■ 

4 2 

72 

^ 2 


1 

-1 

1 

/ 2 " 

./£ 

i2 

zi 

72 

l3 

^^2 

0 


°^711 

“721 

%11 g21 

•^911 “ 927 

D 

^(R) 

D®(R) 


(R) 

0 

A 


A 

"■{ 

0 

A 

1 

7^ 

1/1 

2^2 

zl 

7'2 

1 r3' 
2J2 

0 

_i 

3 ,3 

_l 

- 3(3 


2 J2 

72 

1-12 

V2 

-72 

ff 

-‘1. 

7? 

Jl 

2 

0 

zi 

72 

-1/3 

£[ 

A 

il 

24 2 

v"^ 

72 

1 1 

2J 2 

1 

7'2 

1 1 3 
■24^ 

0 

-72 

0 


0 

A 

zi 

72 

-1|'3 

24 2 

7'2' 

-il 

2..' 2 

0 

£[ 

-3 5 

£[ 

3 [3 

72 

211 

7^2 

2-0 2 

-72 

7^ 

-JI 

V2 

J| 

■4 2 t 

i 

0 

±1 

1 13 

_J_ 

-1 j3 

72 

2 j 2 

A 

2.1 2 

72 

±i 

-1 3 

2 ‘ 2 

-1 

-1 [3 I 

2i 2 ' 


72 


72 

J 


(4.14) 
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r Z 1 = a"'^' [ Z 1 , A 

L P9) comp r •- rm j 


It can be verified that A^ A^ = I = A“^ A^. Therefore, 
the transformation matrix is orthogonal. Prom equation (5.17), 

*T 

pq-^ phase r 

Substituting for [^pq_iphase equation (4.10) and A^ from 

(4.14) and then performing the matrix multiplications, ve get 

-j0,1 ,2,3,4,5,6,7,8,9,10,11 
*- pq-*comp 


pq+il^,z. 


s 


PI 

m 


z ^ -Z' 

pq pq. 


0 


pq” pq 
zf „-Z 


m 

'pq 


■ s 

‘pq "pq 


m 

"pq-"pq 


s 

^pq" 

■z^ 

pq 


"pq 


-z 


m 


s „m 

^pq“ pq 


z^ -z^ 

pq pq 


0 


s „m 

^pq" pq 


s _m 
z -z 

pq pq 


(4.15) 


rom this, it is clear that the transformation matrix A^. diagonali- 
;es the coefficient matrix [ Z^^^] of 12-phase stationarj^ elements. 
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It is to "be noted here that the matrix A derived earlier can 
also diagonalize[ since the stationary elements also 

possess rotational symmetries in addition to reflection ones. 
The diagonal elements of[ comp sequence impedances 

in this case. More specifically, the zero sequence impedance 


m 

PI ,Pq PI 

Pirst sequence impedance z^^ = z®g - z^^ 

The second to eleventh sequence impedances are same as z 
i.e. first sequence impedance. 


1 

PI 


Complex Power 

The complex power in the 12-phase stationary element p-q 


q ^ nH r -ahcdefghiDkl pahedef ghijlcl , 

pq " pq ■ ^ n ^pc J i- ^pq J 


pq 


pq 


pq 


41 . 50 , 1 , 2 , 3 , 4 , 5 , 6 , 7 , 3 , 9 . 10,11 ^ . 0, 1 , 2 ,3 , 4 , 5 , 6 , 7 , 3 , 

a- r pq -I L r pq 9,10,11 J 


_r -0,1,2,3,4,5,6,7,8,9,10,11 ^ 

L '^pq J r r 

r0,1 ,2,3,4,5,6,7,3,9,10,11 

L pq J 

*rn 

-0,1,2,3,4,5,6,7,8,9,10,11 x 

L ^pq -> 

.0,1,2,3,4,5,6,7,3,9,10,11 

L ^pq J 


(4.16) 


because = A^ and A*'^ A^ = A^ A^ = I i.e. A^ - ii._ 


r r r r 
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Thus we conclude, 

Proposition : The orthogonal matrix which transforms the 
field of phasors of a 12--phase system to the field of components 
is a linear power invariant real transformation matrix similar 
to Olarke' s component transformation matrix of 3-phase systems. 

Remark ; Similar expression for complex power is also obtained 
using Complex transformation matrix A . 



JHAPTER 5 
JO^jLUSIOR 


The inherent s3niiQietries associated -with the po-wer system 
networks enable us to simplify the analysis of multiphase power 
system networks by application of group theoretic techniques. 

An attempt has been made in this thesis to make use of this 
fact in the steady state analysis of multiphase power system 
networks . 

The methods devel-'ped earlier, for 4-phase and 6-phase 
power systems have been used here for analysis of B-phase and 
12-phase systems. Eased on the fact that symmetries of n-phase 
power system neti'-'ork with rotational elements constitute a cyclic 
group 0^ and that of networks with stationary elements constitute 
a group similarity transformations with complex elements as 

well as real elements for S phase and 12 phase power system 
networks have been developed using group theoretic techniques. 

The main advantage of using group theoretic techniques is that 
they are applicable in a unified manner to multiphase system 
which seem to have a bright future. The similarity transforma- 
tions developed here are linear and power invariant. 

Amongst the new directions in which these techniques 
may be applied is one of transient analysis of multiphase 
systems by using the symmetries of network under transient 
conditions. Another direction id which the techniques 
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used in this thesis may have a possihle application is in the 
analysts of network with nonlinear elements such as saturable 
core reactors. These elements although nonlinear, do exhibit 
symmetries analogus to those of the linear elements. With 
the help of approximate matrix representation of these 
symmetries, the analysis of networks containing nonlinear 
elements is likely to be considerably simplified, 



REPEHETTOES 


1. Singh, I.P., 'Group theoretic considerations in the analysis 
of power system network’ Ph.D. Thesis, submitted to Elpct. 
Engg.Pept. , I. I. T. Kanpur. 

2. Venkata, S.S., Bhatt, F.B. and Guyker, W.G, '6-phase (multi- 
phase) power transmission system: concept and reliability 
aspects', presented at the IEEE Summer Power Meeting, Portland, 
Ore., July 13-23. 

3. Barthold, .P. and Barnes, H.O., 'High phase order trans- 
mission', OIGRE study committee. No. 31 Report, London. 

4.S Singh, L.P. and Sinha, V.P., 'Transient analysis of power 

system network using group theoretic approach' , accepted by Jr. of 
Inst, of Engrs. , India. 

5. Singh, L.P. and Sinha, V.P., 'Analysis of multiphase power 
system networks' , accepted by lEAG, Symposium on Gomputer 
applications in large scale power systems to be held at 
New Delhi, August 16-17, 1979. 

6. Eortescue , G.L. , 'Method of symmetrical components applied 
to the Solution of polyphase networks' , Trans. AIEE, 

Vol.SXXVII, Part II, pp. 1 027-1 1 40 , 1 91 3. 

7. Glarke, Edith, 'Circuit Analysis of A. 0. Power Systems, 
Symmetrical and Related Components’, Vol.John Niley and 
Sons, New York, 1943. 

3. Curtis, G.¥., 'Representation Theory of finite Groups and 
AssociatiTfe Algebra', John ^iley and Sons,'N.Y., 1962. 

9. Hamermesh, M. , 'Group Theory and Its Applications and 
Physical Problems', Addison-Wesley , Pub. Go. Inc., Mass. 1962. 

10. Howitt, N., 'Group theory and the electric circuit', Phys.Rev., 
Vol. 37, pp. 1533-1595, June 15, 1931. 

11. Mirsky, L. , 'An Introduction to the Linear Algebra', Clayendon 
Press, Oxford Univ, London, 1961. 

12. Kerns, D.M. , '.analysis of symmetrical waveguide junctions', 
Journal of Research of the National Bureau of Standards, 

Vol. 46, pp. 267-282, April 1951. 



97 


13. Lomont, J.S 'Applications of finite groups', Acaaemic 
Press, New York, 1959. 

14. Higman, B., 'Applied Group Theoretic and Matrix Methods' , 
Dover Puhli cations Inc., New York, 1955. 

15. Tinkham, M. , 'Group Theory and Quantum Mechanics' , Md-Graw 
Hill Book Go. Inc., New York, 1964. 

16. HuMn, H. , 'Symmetric linear time-variahle net’/^orks and the 
theory of finite groups' , Technical report no.11 7, Dept. of 
Electrical Sngg. , Oolumhia Univ. 



98 


APPMDIX 1 


¥e give here a brief review of the mathematical theory 
of groups used in this thesis. ¥e start first with the 
definition and properties of the finite group. For details, 
reader are required to refer to the references ^1,16^. 

1. GROUP: Suppose we are given a set G. let ’ (comcnonly 

known as multiplication) be the binary operation defined on the 
set G. Then set G is said to be a group if it satisfies the 
following postulates, called group axioms: 

(i) Closure: Given any two elements a and b of the set G, 

a.b the result of the binary operation on a 
and b is also in G. 

(ii) Associativity: For elements a,b and o of set G, we have 

the following relation, 
a.(b.c) = (a.b).c 

(iii) Existence of Identity: Among the elements of the set G, 

there exists nn element e called identity element 
such that 

3 . 0 , =: 0,3 = 3 

and (iv) Existence of Inverse: Corresponding to every element 

a of the set G, there exists an element a , 
called the inverse of the element a of the set G 
such that 

-1 -1 

a. a = a a = e 
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If, in addition to fhe above four group axioms, the 
following Condition is also satisfied, then the group is known 
as commutative or abelian group . 

(v) Commutativity: Por any element a and b in the group G, we 
have a.b = b.a 

, If the number of elements is finite in the group, then the 
group is said to be finite and then the number of distinct 
elements in the finite group is called the order of the group. 

Group Multiplication Table: 

Por a finite group G with binary operation of multiplica- 
tion, the multiplications of group elements and their products 
can most conveniently be presented in a table known as a group 
multiplication table. The group elements are arranged along 
the column and the row of the table. The entry in the i-jth 
position of the table is the group element Pj_*Pj which results 
from multiplication of p^, an element in the ith row and p^, an 
element in the jth row. Pof a completely and uniquely defined 
group, its elements which may have physical interpretation, can 
be represented by abstract quantities viz. a,b,c,.... etc. 

Cyclic Group: 

A cyclic group is one in which all elements are generated 
by a single elements, known as a generating elements or simply 
a generator. Por example, the set G with elements as 4th root 
of unity (1, a, a^, a^) ere a = constitute a cyclic 

group under multiplication and element a is the generator element. 
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Glasses: 

Iwo elements a and b of a group G are conjugate if there 
exists another element X in G suoh that 

b = X-'’aX 

Gonjugate elements have following properties: 

(i) Every element is conjugate with itself. 

(ii) If the element a is conjugate to b, then the element 
b will also be conjugate to a, 

and 

(iii) If a is conjugate to both b and c, then b and c are 
conjugate to one another, 

A complete set of elements of a group G which are conjugate to 
one another is called a class of the group. 

Note: Ihe orders of all classes in a group, are integral 

factors of the order of the group. 
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appendix 2 

ORTHOGONAIITY OHEOEM 


Several important properties of group representations 
and their characters are derived from hasic theorem concerning 
elements of matrices which constitute irreducible representa- 
tions of the group. This theorem is known as orthogonality 


theorem and is stated as follows: 

* 

'mn ~ '"'m'n^ 


II D^(R) D^(R) , , 

R 


6. . 6 ,6 , (A-2.1) 

ij mm’ nn’ 


1 3 


where h is the orderof the group and 1^ is the dimension of the 
ith irreducible representation which is the order of each of the 
matrices constituting ith representation, element 

in the mth row and nth column of 1>^(R), the matrix corresponding 
to symmetry operation R in the ith irreducible representation. 
Eqn.(A2.1) of the orthogonality theorem can be split up into 
three simpler relations as shown below, 


I>^(R);„ = 0 for i ^ 3 (A-2.2) 

'^D^(R) D^(R) , , = 0 if m 5 ^ m’ and n n' (A-2.3) 

Z mn ^ ^m’n’ 


/D^(R) D^(R)* = h^/1, 

^ -^mn ^ '^mn ' i 


(A-2.4) 



